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Abstract

This paper is concerned with the problem of variable selection and forecasting in the
presence of parameter instability. There are a number of approaches proposed for
forecasting in the presence of breaks, including the use of rolling windows or exponential
down-weighting. However, these studies start with a given model specification and do not
consider the problem of variable selection. It is clear that, in the absence of breaks,
researchers should weigh the observations equally at both the variable selection and
forecasting stages. In this study, we investigate whether or not we should use weighted
observations at the variable selection stage in the presence of structural breaks,
particularly when the number of potential covariates is large. Amongst the extant variable
selection approaches we focus on the recently developed One Covariate at a time Multiple
Testing (OCMT) method that allows a natural distinction between the selection and
forecasting stages, and provide theoretical justification for using the full (not down-
weighted) sample in the selection stage of OCMT and down-weighting of observations
only at the forecasting stage (if needed). The benefits of the proposed method are
illustrated by empirical applications to forecasting output growths and stock market
returns.
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1 Introduction

“When you have eliminated the impossible, whatever remains, however improbable, must be
the truth” Sir Arthur Conan Doyle, The Sign of the Four (1890)

There is mounting evidence that models fitted to many economic relationships are sub-
ject to structural breaks. In an extensive early study, Stock and Watson (1996) find that
a large majority of time series regressions are subject to structural breaks. Clements and
Hendry (1998) consider parameter instability to be one of the main sources of forecast failure.
This problem has been addressed at the estimation stage given a set of selected regressors.
However, the issue of variable selection in the presence of structural breaks is still largely
underdeveloped. In this study, we investigate whether or not we should use weighted obser-
vations at the variable selection stage in the presence of structural breaks, particularly when
the number of potential covariates is large. We provide theoretical arguments in favor of
using the full (unweighted) sample at the selection stage and consider weighted observations
post selection only at the estimation stage and forecasting stages. The benefits of the pro-
posed method are illustrated by empirical applications to forecasting cross-country output
growths and stock market returns.

Studies on structural breaks at the estimation stage usually assume a number of different
model specifications that allow for parameter instability. Typical solutions are either to use
rolling windows or exponential down-weighting. For instance, Pesaran and Timmermann
(2007), Pesaran and Pick (2011) and Inoue et al. (2017) consider the choice of an observa-
tion window, and Hyndman et al. (2008) and Pesaran et al. (2013), respectively consider
exponential and non-exponential down-weighting of observations. There are also Bayesian
approaches to prediction that allow for a possibility of breaks over the forecast horizon, e.g.
Chib (1998), Koop and Potter (2004), and Pesaran et al. (2006). Rossi (2013) provides a
review of the literature on forecasting under instability. There are also related time vary-
ing parameter (TVP) and regime switching models that are used for forecasting. See, for
example, Hamilton (1988) and Dangl and Halling (2012). All these studies take the model
specification as given and then consider different ways of modeling and allowing for para-
meter instability. But, to the best of our knowledge, none of these studies considers the
problem of variable selection in the presence of structural breaks.

In the absence of breaks, observations should be weighted equally for both variable se-
lection and estimation purposes. Yet, in the presence of breaks, the literature does not
discuss whether or not weighted observations should be used at the variable selection stage,
particularly when the number of potential covariates is large. There are a number of recent

studies that consider predicting stock returns using penalized regression, especially the Least



Absolute Shrinkage and Selection Operator (Lasso) initially proposed by Tibshirani (1996)
- for example, Caner and Knight (2013), and Koo et al. (2020). But they do not allow for
instability at the Lasso stage and suggest recursive application of Lasso using rolling win-
dows. Lee et al. (2016) have proposed a Lasso procedure that allows for a threshold effect.
Kapetanios and Zikes (2018) have proposed a time-varying Lasso procedure, where all the
parameters of the model vary locally. These are interesting extensions of Lasso, but are
likely to suffer from the over-fitting problem, and could be sensitive to how cross validation
is carried out. Also recently, Yousuf and Ng (2019) propose an interesting boosting proce-
dure for the estimation of high-dimensional models with locally time varying parameters. It
is important to note that, in the case of both penalized regression and boosting procedures,
variable selection and estimation are carried out in one stage.

Recently, Chudik et al. (2018) propose an alternative procedure called one covariate at a
time multiple testing (OCMT). In the absence of structural breaks, the authors establish that
the suggested procedure asymptotically selects all the relevant covariates and none of the pure
noise covariates under general assumptions. Moreover, they show that the estimation errors
of coefficients and prediction loss converge to zero. Finally, their Monte Carlo studies indicate
that OCMT tends to perform better than penalized regression or boosting procedures under
various designs. Recently, Sharifvaghefi (2020) has generalized the OCMT procedure to
allow the covariates under consideration to be highly correlated, while penalized regression
methods require the covariates to be weakly correlated (see e.g. Zhao and Yu (2006)).
One clear advantage of OCMT is its natural separation of the two problems of variable
selection and estimation/forecasting. One can, therefore decides whether to use the weighted
observations at the variable selection stage or not. In this paper, we provide a theoretical
argument that the full (unweighted) sample should be used at the variable selection stage
using the OCMT procedure. Existing theoretical results from the forecasting literature can
then be applied to the post OCMT selected model to test for breaks and decide on the
optimal choice of the estimation window or down-weighting.

We consider three applications related to forecasting output growth and stock market
returns to illustrate the benefits of the OCMT procedure with full unweighted sample at
the selection stage. Our results consistently suggest that using down-weighted observations
at the selection stage of the OCMT procedure worsens forecast accuracy in terms of mean
square forecast error and mean directional forecast accuracy. Moreover, our results suggest
that overall OCMT with no down-weighting at the selection stage outperforms penalized
regression methods, such as Lasso and/or Adaptive Lasso, which are prone to the over-
fitting problem.

The rest of the paper is organized as follows: Section 2 sets out the model specification.

Section 3 explains the basic idea behind using the OCMT procedure with no down-weighting



for variable selection in the presence structural breaks. Section 4 discusses the technical
assumptions and the asymptotic properties of the OCMT procedure under parameter insta-
bility. Section 5 presents the empirical applications, and Section 6 concludes. Mathematical
proofs and the related lemmas are provided in the Appendix.

Notations: Generic finite positive constants are denoted by C; for i = 1,2,--- . They
can take different values in different instances. ||A||2 and |[|A||r denote the spectral and
Frobenius norms of matrix A, respectively. If {f,}5°, is any real sequence and {g,}>°; is
a sequence of positive real numbers, then f, = O(g,), if there exists a positive constant
Cy such that |f,|/g, < Cp for all n. f, = o(g,) if fn/gn — 0 asn — oo. If {f,}22, and
{gn}22, are both positive sequences of real numbers, then f, = ©(g,) if there exist ng > 1
and positive constants Cy and C1, such that inf,,>,, (fn/g9n) > Co and sup,,>.,,, (fu/gn) < Ci.

2 Model Setting

Consider the following Data Generating Process (DGP) for the dependent variable, v,

k
yt:Z;at‘i‘Zﬁitl’it‘i‘ut, fOI'tzl,Z,"' ,T (1)

i=1
with time-varying parameters, a; = (a1, a9, ,am) and {8, i = 1,2, ..., k}, where z, is
an m X 1 vector of conditioning variables, x;; for ¢ = 1,2,--- |k are the covariates, and u; is

an error term. Since the parameters are time-varying we refer to the covariate i as "signal”
if the average value of its coefficient, 3; , = 7" S 7 B(B;), does not tend to zero very fast,
ie. B;p = ©(I") for some 0 < ¥; < 1/2. We also assume the coefficients (a;, and 3,
for i = 1,2,..., k) are independently distributed of the conditioning variables (z;) and the
covariates ().

Parameters can vary continuously following a stochastic process as in the standard ran-

dom walk time-varying parameter model,
Bit = Bir—1 + Titkit,
or could be fixed and change at discrete intervals as in the standard structural break model:

(
Bl 1<t<T,
5?]7 T <t<Ty,

\BES]a Tsfl S t<T.
The vector z; can contains deterministic components such as a constant, dummy variables,
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and a deterministic time trend as well as stochastic variables including common factors and
lagged values of 3;. The problem is that both the structure of the breaks and the identity
of the k signals are unknown. The task facing the investigator is to select the signals from
a set of covariates under consideration, Sy; = {x1;, Tar, - -+ , Tn¢}, known as the active set,
with NV, the number of covariates in the active set, possibly much larger than 7', the number
of data points available for estimation prior to forecasting.

The application of penalized regression techniques to variable selection is theoretically
justified under two key parameter stability assumptions: the stability of 3;, and the stability
of the correlation matrix of the covariates in the active set. Under these assumptions, the
application of the penalized regression to the active set can proceed using the full sample
without down-weighting or separating the variable selection from the forecasting stage. How-
ever, in the presence parameter instability, it is not clear how the use of penalized regressions
could be justified. The problem has been recognized in the empirical literature focusing on
slowly varying parameters and/or the use of rolling windows without making a distinction
between variable selection and forecasting. It is also worth highlighting that in this paper,
we relax the assumption of fixed correlation among the covariates in the active set, which is
very common in the penalized regression studies, and allow for time-varying correlations.

In this paper we follow Chudik et al. (2018) and consider the application of the OCMT
procedure for variable selection stage using the full unweighted sample, and provide theoret-
ical arguments to justify such an approach. We first recall that OCMT’s variable selection is
based on the net effect of z;; on y, conditional z,. However, when the regression coefficients
and/or the correlations across the covariates in the active set are time-varying, the net effects
will also be time-varying and we need to base our selection on average net effects. Also, we
need to filter out the effects of the conditioning variables, z;, from x;; and y;, before defining
average net effects. To this end consider the following auxiliary regressions of z;; and 1; on

Z:
U = Yp — Z;’J)y,T7 and Ty = Ty — Z;’(_pi,T (2)
where @y’T and zZi,T are the m x 1 vectors of projection coefficients defined by

¢y,T

<T_1 23;1 E <thg)) B (T_l ZtT:1 E(Ztyt)> )

and

Bir= (TS EGa) (1750, Bra)

Given the filtered series, Z;; and §;, we now define the average net effect of covariate z;; on



yi, conditional z;, as

_@T =T Et 1 (xitgt)- (3)

Substituting for g; = vy, — z;{py,T in the above and noting that 6; r is a given constant, then

Oir =T B(Eaty) — Py | T 20 B(Fuz) | -

Also,

T
T "E(iaz) =0, (4)
t=1
which follows since
TS BEwm) = T S, Blwam) — $ip [T S0 B(za))]
= T_l Zle E(.Iitzt) — T_l Z?:l E(mitzt) =0.

Hence 0,7 = T7! Zthl E(Z;4y;). Now by substituting y; from (1) we can further write,

_l T — -1 Zt 1 (xityt) - Til Zle E [:’i‘zt (Z:fat + Z?:l Bjtl'jt + ut)]
=T Zt 1 B(a))E(Zxz,) + T Zt 1 Z] L B850 B(Zawe) + T Zthl E(Ziu)
=T Y B(Faz) + T, S0 BB B(Eaay) + T3 Bl
= S [T S BB, B Ews) | + T S B(@aw).

Finally, using (2) to replace z;; = Z;; + zgv,_bjj in the first term of the above and noting from

(4) that T-' Y B(Zy2,) = 0, then the average net effect can be written simply as

Our = X0, [T 50, E(ﬂjgoﬁ,t(z)} + Giur(2), (5)
where 0;;4(z) = B(Z42j;), and G, 7(2z) = T7! Zt L E(Znuy). Also
T B T
Gour(z) =T Bayu) — P 1 (T—l > ]E(ztut)> ,
t=1 t=1

which will be identically zero if the covariates and the conditioning variables are weakly
exogenous with respect to u;. In what follows we allow for a mild degree of correlation
between (z;,2;) and u; by assuming that ;,r(z) = S(T~ ), for some ¢; > 1/2. It is also
easily seen that when the parameters and the cross covariate covariances are time-invariant

the above average net effect reduces to 6; = X5_ E(8;)0;(z).



Given the average net effect of covariate ¢ on y;, the covariates in the active can be
categorized into three groups: signals, pseudo-signals and average noise variates. As men-
tioned before, signals are those covariates with average value of their coefficient, namely
By =T7! Zthl E(f;), which does not approach zero quickly, i.e. B;, = &(T~"), for some
0 <1; < 1/2. Pseudo signals are the covariates that do not enter the DGP but have average
net effects, 0; 1’s, that do not converge to zero sufficiently fast, i.e. 0,7 = ©(T %), for some
0 < ¢; < 1/2. Finally, average noise variables are those covariates that do not enter the
DGP and at the same time have either zero or sufficiently small average net effects in the
sense that 0; 7 = ©(T~%), for some ¢; > 1/2.

In what follows, we first present the OCMT procedure and then discuss the conditions
under which the approximating model that include all the signals and none of the average

noise variables can be selected by OCMT.

3 Parameter instability and OCMT

The OCMT procedure consider the following one at a time regression of y; on each covariate

Ty, 1 =1,2,--- N, conditional on z;:
Yo = Nz + Gy + 1y, fort =1,2,--- T, (6)
where
-1 T ~9 -1 -1 T ~ o~ — —-17
b= [T EG)| [T LB G| = 0ur@)] ™ b,

with G;.70(z) = T~ Y, 044(z). Chudik et al. (2018) assume parameter stability, and set
B = B, for all t, where f3; is deterministic, and zero conditional correlation between the
signals and the error term, o,; = 0 for all ¢. In this case the average net effect can be

simplified to net effect 6, = Z?Zl B3;G:jr(z) where G;jr(z) =T~ S 7 044(z) and hence

k —

Oir  225-15,;0i1(2)

¢i,T = = = — . (7)

Giir(2) Giir(2)

However, in the more general set up of DGP (1), the net effect of z;; on y; is time varying.

Therefore, by running one at a time regression of y; on each covariate x;, i =1,2,--- , N, we

focus on average net effect of z;; on y; over the full sample as presented by 6; 1 in equation
(5).

Due to correlation between the covariates, knowing whether 6, 1 is zero or not does not



necessarily allow us to establish whether B@T is zero or not. There are four possibilities:

(I) Signals Bir =0(T~") and 0; 7 = (T~%)
(IT) Hidden Signals Bi,T =o(T7%) and 0,7 = ©(T~)
(III) Pseudo-signals Bir =06(T%) and 0; p = o(T~%)
(IV) Average noise variables | B; 7 = ©(T~%) and 0; 7 = ©(T~%)

for some 0 < ¥; < 1/2 and ¢; > 1/2. Notice, if the covariate z;; is an average noise
variable, then 0; 7, the average net effect of x;; on y;, converges to zero very fast. Therefore,
down-weighting of observations at the variable selection stage is likely to be inefficient for
eliminating the average noise variables. Moreover, for a signal to remain hidden, we need
the terms of higher order, ©(T~%) with 0 < ¥; < 1/2, to ezactly cancel out such that
6; 7 becomes a lower order, i.e. &(77%), that tends to zero at a sufficiently fast rate (with
€; > 1/2). This combination of events seem quite unlikely, and to simplify the theoretical
derivations in what follows we abstract from such a possibility and assume that there are no

hidden signals and focus on the first stage of the OCMT procedure for variable selection.!

First stage of OCMT procedure

1. Fori = 1,2,---,N, regress y = (y1,y1,..,yr) on Z = (z1,2s,....,27) and x; =
(Ti1, Tigy ooy Tir) 1 Y = LA + ¢; vXi +m;; and compute the t-ratio of ¢; r, given by

~

¢i,T X;sz

tir = =
) ~ ~ 7 Y
s.e. (QSLT) 03/ XM, x;

where gAbi,T = (XM,x;)"" (x!M,y) is the Ordinary Least Square (OLS) estimator of

b7 62 =nin,/T, and 7); is a T x 1 vector of regression residuals.

2. Consider the critical value function, c,(N,0), defined by

&(N0) =" (1- %) , (8)

where ®~1(.) is the inverse of a standard normal distribution function; § is a finite
positive constant; and p (0 < p < 1) is the nominal size of the individual tests to be

set by the investigator.

3. Given c,(N,6), the selection indicator is given by

o= 1ltr| > (N0 fori=1.2- N. ®)

!To deal with possibility of existence of hidden signals, Chudik et al. (2018) extend the OCMT method
to have multiple stages.



The covariates x; is selected if jl =1.
When hidden signals are present, additional stages of OCMT procedure will be required
to uncover them.
Higher stages of OCMT procedure

1. Stages j = 2,3, ..., regress y; on the conditioning variables Z = (zi,2o, ...,z7) , the
variables selected in previous stages, and the remaining variables x;; in the active set,

one at the time. Compute the associated t-ratios, denoted as t; ;) r.

2. Regressors for which |t; jyr| > ¢, (n,0%), are then added to the set of selected variables,
where in general a larger value of 6 > § is required at the higher stages of the OCMT

procedure.

3. If no additional variables are selected in stage j, then the multi-stage OCMT procedure

stops, otherwise one proceeds to the next stage by increasing j by one.

The main goal of OCMT is to use the t-ratio of the estimated ¢, r to select all the signals
and none of the average noise variables, the selected model is referred to as an approximating
model since it can include pseudo-signals. To deal with the multiple testing nature of the
problem, the critical value of the tests, ¢,(/V,0), is chosen to be an appropriately increasing

function of N, the number of covariates in the active set.

4 Asymptotic Properties of OCMT Procedure under

Parameter instability

We now provide the theoretical justification for using the OCMT procedure for variable
selection in models with time-varying parameters. It is assumed that k, the number of
signals, and m, the number of conditioning variables, are unknown fixed numbers. But we
allow that the number of pseudo-signals, which we denote by k*, to grow at a sufficiently
slow rate relative to NV and T. Finally, we define an approzimating model to be a model
that contains all the signals, {z;; : i =1,2,--- ,k}, and none of the average noise variables,
{zyg  k+k*+1,k+k*+2,---, N}. Clearly, such a model can contain one or more of the
pseudo-signals, {z; : k+ 1,k +2,--- ,k + k*}. We start with some technical assumptions
in Section 4.1 and then provide the asymptotic properties of the OCMT procedure under

structural breaks in Section 4.2.



4.1 Technical Assumptions

In what follows we make use of the following filtrations: Fj, = o(zu, 2¢4-1,---) for £ =
172a"' , M, FZ& = O_(a'ftaa&t—la"') for ¢ = 172a"' , M, f‘ﬁ = a(xit>$i7t—17"') for i =
1,2,--- N, and F} = o(us, ug—1,---). Moreover, we set Ff = U Fj, Ff = UL, Fo,

Fir=UN Fi and F, = Ff UFRUFF U FA
Assumption 1 (Martingale Difference Processes)
(i) Ezezoe — B(zozee)| Fio1]) =0 for 6,0 =1,2,--- mandt=1,2,---,T.
(i) B[z — Blaya;)|Fia] =0 fori,j=1,2,--- N andt =1,2,--- ,T.
(iii) Bu? — B (u?)|Fi1] =0 fort=1,2,--- | T.
(v) Blzpqzi — B(zaxy)| Fi1) =0 for £ =1,2,--- m,i=1,2,--- N andt=1,2,---
(v) B zgus — E(zgue)| Fio1]) =0 for £ =1,2,--- mandt =1,2,--- | T.
(vi) Blryu — B(zyu)|Fioa]) =0 fori=1,2,--- N andt =1,2,--- ,T.
(vii) Blay — B(ag)|Fi1] =0 for £ =1,2,--- mandt=1,2,---,T.
(viii) BB, — B(By)|Fi-1] =0 fori=1,2,--- .k andt =1,2,--- ,T.

Assumption 2 (Exponential Decaying Probability Tail)

There exist sufficiently large positive constants Cy and Cy, and s > 0 such that

(i) sup,, Pr(|ze| > a) < Cyexp(—Cia®), for all o> 0.

(ii) sup,, Pr(lag| > a) < Coexp(—Cia®), for all o> 0.

(i) sup,; Pr(|zy| > a) < Cyexp(—Cia®), for all o> 0.

(iv) sup, , Pr(|8;| > a) < Cyexp(—Cia®), for all a> 0.

(v) sup, Pr(|uy| > o) < Cyexp(—Cia®), for all a > 0.
Assumption 3 (Coefficients of Signals)

(i) The number of signals, k, is finite.

(it) By fori=1,2,---  k are independent of xjy, j = 1,2,--- /N, zg, £ = 1,2,--- ,'m,

and uy for allt and t'.
(1ii) BLT =71 Z;‘FZIE(Bit) = o(T%), for some 0 < ¥J; < 1/2.
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Assumption 4 (Coefficients of Conditioning Variables)
(i) The number of conditioning variates, m, is finite.

(ii) ap for £ = 1,2,--- m are independent of xyr,i = 1,2, ,n, zpy, ' = 1,2,-+- 'm,

and uy for allt and t'.

(iii) B(ay) = ap for ¢ =1,2,--- ,m and all t.

Before presenting our theoretical results, we briefly mention pros and cons of our assump-
tions and compare them with the assumptions typically made in the high-dimensional linear
regression and the structural breaks literature.

Assumptions 1 allows the variables 2y, ax, x4, 5; and u; to follow martingale difference
processes, which is weaker than the IID assumption typically made in the literature. Fol-
lowing a similar line of argument as in Section 4.2 of Chudik et al. (2018), we can relax this
assumption to allow for weak serial correlation.

Assumption 2 imposes the variables zy, ag, T, 5, and u; to have exponentially decaying
probability tails to ensure all moments exist. This assumption is stronger than those needed
in the studies on structural breaks, but it is required to drive upper and lower probability
bounds for the selection of the average noise variables and the signals, respectively. It is
common in the high-dimensional linear literature to assume some form of exponentially
decaying probability bound for the variables. For example, see Zheng et al. (2014), Fan
et al. (2020) and Chudik et al. (2018).

Assumptions 3(i) and 4(i) are required to establish that the target variable, y;, has the
exponentially decaying probability tail of the same order as the other random variables. As-
sumptions 3(ii) and 4(ii) ensure the distribution of time-varying parameters a, and 3, to
be independent of the observed covariates (z;; and zy) and wu;, which is a standard assump-
tion in the literature on structural breaks. Assumptions 3(iii) ensures the average value of
the coefficients of the signal variables does not approach zero too fast. It is an identifica-
tion assumption that distinguishes signal from noise variables. Finally, 4(iii) constrains the

expected values of coefficients of conditioning variables to be time-invariant.

4.2 Theoretical Findings

As mentioned in Section 1, the purpose of this paper is to provide the theoretical argument
for applying the OCMT procedure with no down-weighting for variable selection in linear
high-dimensional settings subject to structural breaks. We now show that under certain
conditions discussed in Section 4.1, the OCMT procedure selects the approximating model

that contains all the signals; {z;; : i = 1,2,--- , k}; and none of the average noise variables;
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{zy  k+k*+1,k+k*+2,--- | N}. The event of choosing the approximating model is define
by

Ao = {2t =k} {EX e F =0} (10)
In what follows, we show that Pr(A4y) — 1 as N,T — oo.

Theorem 1 Let y, fort =1,2,--- T be generated by (1), and let T' = S(N*') with k1 > 0,
and Sny = {x14, Tog, - -+ , TN} which contains k signals, k* pseudo-signals, and N — k — k*
average noise variables. Consider the single-stage OCMT procedure with the critical value
function c,(N,0) given by (8), for some 6 > 0. Then under Assumptions 1-4, there exist
finite positive constants Cy, and Cy such that, the probability of selecting the approrimating
model, Ay, defined by (10), is given by

Pr (Ay) = 1 — O(N'2000) — Olexp(—N"1)]. (11)

See Appendix A.1 for a proof.

The above theorem can be readily extended to a multi-stage OCMT where the selection
procedure is repeated after augmenting the conditioning variables with the selected variables
from the earlier stages. The results turn out to be similar to the ones reported in part (b) of
Theorem 1 in Chudik et al. (2018). We have focussed on the first stage of OCMT to simplify
the proofs. It is interesting that the asymptotic results regarding the probability of selecting
the approximating model are unaffected by parameter instability, so long as the average net
effects of the true covariates are non-zero or tend to zero sufficiently slowly in 7', as defined
formally by Assumption 3. But, we do not consider the problems of inference on selected
variables (post OCMT inference) which go beyond the forecasting problem, and have been
covered in Theorem 2 of Chudik et al. (2018) under parameter stability.

Remark 1 Based on the results from Theorem 1, to ensure that the probability of selecting
the approximating model tends to one as T, N — oo, we need § > ﬁ The extensive Monte

Carlo Studies in Chudik et al. (2018) suggest that setting 6 = 1 preforms well in practice.

5 Empirical Applications

The rest of the paper considers a number of empirical applications whereby the forecast
performance of the proposed OCMT approach with no down-weighting at the selection stage
is compared with those of Lasso and Adaptive Lasso. In particular, we consider the following

three applications:
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e Forecasting Euro Area quarterly output growth using the European Central Bank

(ECB) survey of professional forecasters.

e Forecasting monthly rate of price changes, ry = 100In(FP;/P;—1), for [ = 1,2,....,30
of stocks in Dow Jones over the period 01/1980 and 12/2017.

e Forecasting quarterly output growth rates across 33 countries using macro and financial

variables.

In each application, we first compare the performance of OCMT with and without down-
weighted observations at the selection stage. We then consider the comparative performance
of OCMT (with variable selection carried out without down-weighting) relative to Lasso
and Adaptive Lasso, with and without down-weighting. For down-weighting we make use of

exponentially down-weighted observations, namely
i.zt()\) - )\T_txih and :gt()\) = )‘T_tyta

where 3, is the target variable to be forecasted, x;;, for i = 1,2,..., N are the covariates in
the active set, and A is the exponential decay coefficient. We consider two sets of values for

the degree of exponential decay, \:

1. Light down-weighting with A = 0.975,0.98, 0.985,0.99,0.995, 1,

2. Heavy down-weighting with A = 0.95,0.96,0.97,0.98,0.99, 1.

For each of the above two sets of exponential down-weighting schemes we focus on simple
average forecasts computed over the individual forecasts obtained for each value of A in the
set under consideration.

For forecast evaluation we consider Mean Squared Forecasting Error (MSFE) and Mean
Directional Forecast Accuracy (MDFA), together with related pooled versions of Diebold-
Mariano (DM), and Pesaran-Timmermann (PT) test statistics. A panel version of Diebold
and Mariano (2002) test is proposed by Pesaran et al. (2009). Let ¢ = e, — e%p be the
difference in the squared forecasting errors of procedures A and B, for the target variable y;
(l=1,2,..,L)and t = 1,2, ...,Tlf, where Tlf is the number of forecasts for target variable
[ (could be one or multiple step ahead) under consideration. Suppose q; = «; + &, with
et ~ N(0,0?). Then under the null hypothesis of Hy : a; = 0 for all [ we have

D= 4
V(q)

~ N(0,1), for Tp; — oo,
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_ _ T/
where TLf = Zlel Tzf7 q= TLfl ZZL:1 Et% qie and

L 1/ i
_ 1 c1 A 1 _ _ 1
V(@) = 7 > T8, with 67 = 77 > (g —@)* and G = -7 >
Lf =1 I t=1 I ot=1

Note that V(q) needs to be modified in the case of multiple-step ahead forecast errors,
due to the serial correlation that results in the forecast errors from the use of over-lapping
observations. There is no adjustment needed for one-step ahead forecasting, since it is
reasonable to assume that in this case the loss differentials are serially uncorrelated. However,
to handle possible serial correlation for h-step ahead forecasting with A > 1, we can modify
the panel DM test by using the Newey-West type estimator of o7.

The M DF A statistic compares the accuracy of forecasts in predicting the direction (sign)

of the target variable, and is computed as

MDFA =100 ZZ 1[sgn yltylt > 0| »,

where 1(w > 0) is the indicator function which takes the value of 1 when w > 0 and
zero otherwise, sgn(w) is the sign function, y;; is the actual value of dependent variable at
time ¢ and y{i is its corresponding predicted value. To evaluate statistical significant of the
directional forecasts for each method, we also report a pooled version of the test suggested

by Pesaran and Timmermann (1992):

L T
ZZ [sgn(ynyl) > 0], and P* = dydyr + (1 —d,)(1 = dyr),

L L T
_y:TLZlegnylt 0], and d,s = TLZZ [sen(y) > 0].
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Finally, V(P) =T} P*(1 — Px), and

V(P*) = Tif(2d —1)%d,s(1—d, )+i(2df—1)2d( —d,)+

4
= dyd,(1—d,)(1—d,).
TLf

T2
The last term of f/(]ﬁ*) is negligible and can be ignored. Under the null hypothesis, that
prediction and realization are independently distributed, PT is asymptotically distributed

as a standard normal distribution.

5.1 Forecasting Euro Area output growth with the ECB survey

of professional forecasters

This application considers forecasting one-year ahead Euro Area real output growth using the
ECB survey of professional forecasters, recently analyzed by Diebold and Shin (2019). The
dataset consists of quarterly predictions of 25 professional forecasters over the period 1999Q3
to 2014Q1.2 The predictions of these forecasters are highly correlated suggesting the presence
of a common factor across these forecasts. To deal with this issue at the variable selection
stage following Sharifvaghefi (2020) we also include the simple average of the 25 forecasts
in the conditioning set, z;, as a proxy for the common factor in addition to the intercept.
We consider 39 quarterly forecasts (from 2004Q3 and 2014Q1) for forecast evaluation, using
expanding samples (weighted and unweighted) from 1999Q3. We also consider two simple
baseline forecasts: a simple cross sectional (CS) average of the professional forecasts, and
forecasts computed using a regression of output growths on an intercept and the CS average
of the professional forecasts.

Table 1 compares the forecast performance of OCMT with and without down-weighting
at the selection and forecasting stages, in terms of MSFE. The results suggest that down-
weighting at the selection stage leaves us with larger forecasting errors. The MSFE goes from
3.765 (3.995) to 3.874 (4.672) in case of light (heavy) down-weighting. However, the panel
DM tests indicate that the MSFE among different scenarios are not statistically significant,
possibly due to the short samples being considered. In Table 2, we compare OCMT (with no
down-weighting at the selection stage) with Lasso and Adaptive Lasso. The results indicate
that the OCMT procedure outperforms Lasso and Adaptive Lasso in terms of MSFE when
using no down-weighting, light down-weighting, and heavy down-weighting at the forecasting
stage. It is worth mentioning that OCMT selects 3 forecasters (Forecaster #21 for 2004Q4-
2005Q1, Forecaster #7 for 2007Q2-2008Q3, and Forecaster #18 for 2011Q2-2011Q3). This
means that over the full evaluating sample, only 0.3 variables are selected by OCMT from the

active set on average. In contrast, Lasso selects 12.6 forecasters on average. Each individual

2We are grateful to Frank Diebold for providing us with the data set.
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Table 1: Mean square forecast error (MSFE) and panel DM test of OCMT of one-year ahead Euro Area
annual real output growth forecasts between 2004Q3 and 2014Q1 (39 forecasts)

Down-weighting at'

Selection stage Forecasting stage MSFE
(M1) no no 3.507
Light down-weighting, A = {0.975,0.98,0.985,0.99,0.995,1}
(M2) no yes 3.765
(M3) yes yes 3.874
Heavy down-weighting, A = {0.95,0.96,0.97,0.98,0.99,1}
(M4) no yes 3.995
(M5) yes yes 4.672
Pair-wise panel DM tests
Light down-weighting Heavy down-weighting
(M2) (M3) 1) (M)
(M1) -0.737 -0.474 (M1) -0.656 -0.741
(M2) - -0.187 (M5) - -0.645

Notes: The active set consists of 25 individual forecasts. The conditioning set consists of an intercept and
the cross sectional average of 25 forecasts.

TFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are

computed as the simple average of the forecasts obtained using the down-weighting coefficient, A, in the

"light" or the "heavy" down-weighting set under consideration.

Table 2: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso and Adaptive
Lasso of one-year ahead Euro Area annual real output growth forecasts between 2004Q3 and 2014Q1 (39

forecasts)

OCMT
Lasso
A-Lasso

OCMT
Lasso

MSFE under different down-weighting scenarios

No down-weighting Light down-weighting! Heavy down-weighting?

3.507 3.765 3.995
5.242 5.116 5.385
7.559 6.475 6.539

Selected pair-wise panel DM tests

No down-weighting  Light down-weighting  Heavy down-weighting

Lasso A-Lasso Lasso A-Lasso Lasso A-Lasso
-1.413 -1.544 -0.990 -1.265 -1.070 -1.267
- -1.484 - -1.589 - -1.527

Notes: The active set consists of forecasts by 25 individual forecasters. The conditioning set contains an
intercept and the cross sectional average of the 25 forecasts.

 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the

down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.
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forecaster is selected for at least part of the evaluation period. As to be expected, Adaptive
Lasso selects a fewer number of forecasters (9.8 on average) as compared to Lasso (12.6 on
average), and performs slightly worse.

To summarize, we find that down-weighting at the selection stage of OCMT leads to
forecast deterioration (in terms of MSFE). OCMT outperforms Lasso and Adaptive Lasso,
but the panel DM tests are not statistically significant. Moreover, none of the considered

big data methods can beat the simple baseline models.

5.2 Forecasting monthly rates of price changes of stocks in Dow

Jones

In this application the focus is on forecasting one-month ahead stock returns, defined as
monthly change in natural logarithm of stock prices. We consider stocks that were part of
the Dow Jones index in 2017m12, and have non-zero prices for at least 120 consecutive data
points (10 years) over the period 1980m1 and 2017m12. We ended up forecasting 28 blue chip
stocks.? Daily close prices for all the stocks are obtained from Data Stream. For stock 7, the
price at the last trading day of each month is used to construct the corresponding monthly
stock prices, P;. Finally, monthly returns are computed by r; ;11 = 1001n(P;41/Py), for
1=1,2,...,28. For all 28 stocks we use an expanding window starting with the observations
for the first 10 years. The active set for predicting r; ;1 consists of 40 financial, economic,
and technical variables.* Financial covariates include lagged monthly returns of stock i as
well as the average lagged stock return of the group to which stock ¢ belongs. We consider
19 groups according to the Industry Classification Benchmark.® Each group includes all the
S&P 500 stocks with the same group classification. The list of the covariates considered

include:®

e 7;;: The monthly stock return for the target stock, i.
e 7% 1 Average return of stocks in group g to which the /' stock belongs.
o RVj: Realized return volatility of stock .

e RVJ: Realized volatility of group g¢’s return to which the i stock belongs.

3Visa and DwoDuPont are excluded since they have less than 10 years of historical price data.

4 All regressions include the intercept as the only conditioning (pre-selected) variable.

>The 19 groups are as follows: Oil & Gas, Chemicals, Basic Resources, Construction & Materials, Indus-
trial Goods & Services, Automobiles & Parts, Food & Beverage, Personal & Household Goods, Health Care,
Retail, Media, Travel & Leisure, Telecommunications, Utilities, Banks, Insurance, Real Estate, Financial
Services, and Technology.

6 All stock returns are computed excluding dividend payments.
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® 751 Return on S&P 500.
o RV,,,: Realized volatility of S&P 500.

e Small Minus Big (SMB), and High Minus Low (HML) factors available at Fama and

French database.”
e Apo;: The change in natural logarithm of the Brent Crude oil price index.

e First order difference in Interest Rate Spreads: First order difference of the gap between
long, medium and short term interest rates. We consider annualized percentage yield
on 10-year, 2-year and 3 month government bonds for long, medium and short term

interest rates, respectively.®

e We consider 28 technical indicators, constructed based on past prices using familiar
algorithms (see e.g. Colby and Meyers, 1988). They include price and volatility gaps,
price oscillator and relative strength indicators. The full list and the description of

technical indicators considered can be found in Appendix B.

Overall we computed 8,659 monthly forecasts for the 28 target stocks. The results are
summarized as average forecast performances across the different variable selection proce-
dures. Table 3 reports the effects of down-weighting at the selection stage of the OCMT
procedure. It is clear that down-weighting worsens the predictive accuracy of OCMT. From
the Panel DM tests, we can also see that down-weighting at the selection stage worsens the
forecasts significantly. Panel DM test statistics is -5.606 (-11.352) for light (heavy) versus no
down-weighing at the selection stage. Moreover, Table 4 shows that the OCMT procedure
with no down-weighting at the selection stage dominates Lasso and Adaptive Lasso in terms
of MSFE and the differences are statistically highly significant.

Further, OCMT outperforms Lasso and Adaptive Lasso in terms of Mean Directional
Forecast Accuracy (MDFA), measured as the percent number of correctly signed one-month
ahead forecasts across all the 28 stocks over the period 1990m2-2017m12. See Table 5. As
can be seen from this table, OCMT with no down-weighting performs the best; correctly
predicting the direction of 56.057% of 8,659 forecasts, as compared to 55.33%, which we
obtain for Lasso and Adaptive Lasso forecast, at best. This difference is highly significant
considering the very large number of forecasts involved. It is also of interest that the better
of performance of OCMT is achieved with a much fewer number of selected covariates as

compared to Lasso and Adaptive Lasso. As can be seen from the last column of Table 5,

"Fama and French database can be found at https://mba.tuck.dartmouth.edu/pages/faculty/ken.
french/data_library.html.

8The data fro these variables were harvested from the Federal Reserve Bank of St. Louis database,
available at https://fred.stlouisfed.org
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Table 3: Mean square forecast error (MSFE) and panel DM test of OCMT of one-month ahead monthly

return forecasts across the 28 stocks in Dow Jones index between 1990m2 and 2017m12 (8659 forecasts)

Down-weighting atf

Selection stage Forecasting stage MSFE
(M1) no no 61.231

Light Down-weighting, A = {0.975,0.98,0.985,0.99,0.995, 1}
(M2) no yes 61.641
(M3) yes yes 68.131

Heavy Down-weighting, A\ = {0.95,0.96,0.97,0.98,0.99,1}
(M4) no yes 62.163
(M5) yes yes 86.073
Pair-wise panel DM tests
Light down-weighting Heavy down-weighting
(M2) (M3) 0 (W)

(M1) -1.528 -5.643 (M1) -2.459 -11.381
(M2) - -5.606 (M4) - -11.352

Notes: The active set consists of 40 covariates. The conditioning set only contains an intercept.

tFor each of the two sets of exponential down-weighting (light /heavy) forecasts of the target variable are
computed as the simple average of the forecasts obtained using the down-weighting coefficient, A, in the
"light" or the "heavy" down-weighting set under consideration. See footnote to Table 1.

Lasso and Adaptive Lasso on average select many more covariates than OCMT (1-3 variables
as compared to 0.072 for OCMT).

So far we have focussed on average performance across all the 28 stocks. Table 6 provides
the summary results for individual stocks, showing the relative performance of OCMT in
terms of the number of stocks, using MSFE and MDFA criteria. The results show that
OCMT performs better than Lasso and Adaptive Lasso in the majority of the stocks in
terms of MSFE and MDFA. OCMT outperforms Lasso in 23 out of 28 stocks in terms of
MSFE, under no down-weighting, and almost universally when Lasso or Adaptive Lasso are
implemented with down-weighting. Similar results are obtained when we consider MDFA
criteria, although the differences in performance are somewhat less pronounced. Overall, we
can conclude that the better average performance of OCMT (documented in Tables 4 and

5) is not driven by a few stocks and holds more generally.

5.3 Forecasting quarterly output growth rates across 33 countries

using macro and financial variables

In this application we consider one and two years ahead predictions of output growth for 33
countries (20 advanced and 13 emerging). We use quarterly data from 1979Q2 to 2016Q4
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Table 4: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso and Adaptive Lasso
of one-month ahead monthly return forecasts across the 28 stocks in Dow Jones index between 1990m2 and
2017m12 (8659 forecasts)

MSFE under different down-weighting scenarios

No down-weighting Light down-weighting! Heavy down-weighting?

OCMT 61.231 61.641 62.163
Lasso 61.849 63.201 69.145
A-Lasso 63.069 65.017 72.038

Selected pair-wise panel DM tests

No down-weighting  Light down-weighting  Heavy down-weighting

Lasso A-Lasso Lasso A-Lasso Lasso A-Lasso
OCMT -1.533 -4.934 -2.956 -6.025 -7.676 -10.261
Lasso - -4.661 - -6.885 - -9.569

Notes: The active set consists of 40 covariates. The conditioning set contains only the intercept.
 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.

Table 5: Mean directional forecast accuracy (MDFA) and the average number of selected variables (k) of
OCMT, Lasso and Adaptive Lasso of one-month ahead monthly return forecasts across the 28 stocks in Dow
Jones index between 1990m2 and 2017m12 (8659 forecasts).

Down-weighting MDFA k

OCMT No 56.057  0.072
Light? 55.330  0.072

Heavyt 54.302  0.072

Lasso No 55.364  1.659
Light 54.221 2.133

Heavy 53.205 3.794

Adaptive Lasso No 54.648 1.312
Light 53.840 1.623

Heavy 52.951 2.855

Notes: The active set consists of 40 variables. The conditioning set contains an intercept.
 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.
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Table 6: The number of stocks out of the 28 stocks in Dow Jones index where OCMT outper-
forms/underperforms Lasso, and Adaptive Lasso in terms of mean square forecast error (MSFE), panel
DM test and mean directional forecast accuracy (MDFA) between 1990m2 and 2017m12 (8659 forecasts).

MSFE
Down- OCMT OCMT significantly OCMT OCMT significantly
weighting outperforms outperforms underperforms underperforms
Lasso No 23 4 ) 2
Lightt 25 5 3 0
Heavy* 26 14 2 0
A-Lasso No 24 9 4 2
Light 27 10 1 0
Heavy 28 24 0 0
MDFA
Down- OCMT OCMT
weighting outperforms underperforms
Lasso No 14 6
Light 24 4
Heavy 17 10
A-Lasso No 18
Light 21 3
Heavy 19

Notes: The active set consists of 40 variables. The conditioning set only contains an intercept.
 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.
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Table 7: List of variables in the conditioning and active sets for forecasting quarterly output growths across

33 countries

Conditioning set

¢, Ay

Active Set

(a) Domestic variables, £ = 0,1. (b) Foreign counterparts, £ = 0, 1.
Aryit—1 Ayl

Aﬂ”i,t% - Alﬂ'i,tff A17”;t_g - Alﬂit_g

A17’iL7t_é —Arig—e AlTi,L,;—e = Ay

ANT IR NANT S, Avgry p—Aamy,

Total number of variables in the active set x;: n = 15 (max)

taken from the GVAR dataset.” We predict Ayy; = yir — Yir—a and Agyi = (Yir — Yir-s),
where 1;;, is the log of real output for country ¢ in terms of lagged values of a number
of commonly used variables in the literature. We adopt the following direct forecasting

equations:
/
AnYitrn = Yitth — Yit = Qin + NinA1yi + BipXit + Win,

where we consider h = 4 (one-year-ahead forecasts) and h = 8 (two-years-ahead forecasts).
Given the known persistence in output growth, in addition to the intercept in the present
application we also condition on the most recent lagged output growth, denoted by Ay;; =
Vit —Yit—1, and confine the variable selection to list of variables set out at the bottom panel of
Table 7. Overall, we consider a maximum of 15 covariates in the active set covering quarterly
changes in domestic variables such as real output growth, real short term interest rate, and
long-short interest rate spread and quarterly change in the corresponding foreign variables.

We use expanding samples, starting with the observations on the first 15 years (60 data
points), and evaluate the forecasting performance of the three methods over the period
1997Q2 to 2016Q4.

Tables 8 and 9, respectively, report the MSFE of OCMT for one-year and two-year
ahead forecasts of output growth, with and without down-weighting at the selection stage.
Consistent with the previous two applications, down-weighting at the selection stage worsens
the forecasting accuracy. Moreover, in Tables 10 and 11, we can see that OCMT (without
down-weighting at the selection stage) outperforms Lasso and Adaptive Lasso in two-year
ahead forecasting. In the case of one-year ahead forecasts, OCMT and Lasso are very close

to each other and both outperform Adaptive Lasso. Table 12 summarizes country-specific

9The GVAR dataset is available at https://sites.google.com/site/gvarmodelling/data.
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Table 8: Mean square forecast error (MSFE) and panel DM test of OCMT of one-year ahead output growth
forecasts across 33 countries over the period 1997Q2-2016Q4 (2607 forecasts)

Down-weighting at! MSFE (x10%)
Selection stage Forecasting stage All Advanced Emerging
(M1) no no 11.246  7.277 17.354
Light down-weighting, A = {0.975,0.98,0.985,0.99,0.995, 1}
(M2) no yes 10.836 6.913 16.871
(M3) yes yes 10.919 6.787 17.275
Heavy down-weighting, A = {0.95,0.96,0.97,0.98,0.99, 1}
(M4) no yes 11.064 7.187 17.028
(M5) yes yes 11.314 6.906 18.094
Pair-wise panel DM tests (all countries)
Light down-weighting Heavy down-weighting
(\2) (\3) MD) (M)
(M1) 2.394 1.662 (M1) — 0.668 -0.204
(M2) - -0.780 (M4) - -1.320

Notes: There are up to 15 macro and financial variables in the active set.

tFor each of the two sets of exponential down-weighting (light /heavy) forecats of the target variable are
computed as the simple average of the forecasts obtained using the down-weighting coefficient, A, in the
"light" or the "heavy" down-weighting set under consideration.

MSFE and DM findings for OCMT relative to Lasso and Adaptive Lasso. The results show
OCMT under-performs Lasso in more than half of the countries for one-year ahead horizon,
but outperforms Lasso and Adaptive Lasso in more than 70 percent of the countries in the
case of two-year ahead forecasts. It is worth noting that while Lasso generally outperforms
OCMT in the case of one-year ahead forecasts, overall its performance is not significantly
better than OCMT. See Panel DM test of Table 10. On the other hand we can see from
Table 11 that overall OCMT significantly outperforms Lasso in the case of the two-year

ahead forecasts.

Finally in Tables 13 and 14 we reports MDFA and PT test statistics for OCMT, Lasso
and Adaptive Lasso. Overall, OCMT has a slightly higher MDFA and hence predicts the
direction of real output growth better than Lasso and Adaptive Lasso in most cases. The PT
test statistics suggest that while all the methods perform well in forecasting the direction
of one-year ahead real output growth, none of the methods considered are successful at
predicting the direction of two-year ahead output growth.

It is also worth noting that as with the previous applications, OCMT selects very few

variables from the active set (0.1 on average for both horizons, with the maximum number
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Table 9: Mean square forecast error (MSFE) and panel DM test of OCMT of two-year ahead output growth
forecasts across 33 countries over the period 1997Q2-2016Q4 (2343 forecasts)

Down-weighting at? MSFE (x10%)
Selection stage Forecasting stage All Advanced Emerging
(M1) no no 9.921 7.355 13.867
Light down-weighting, A = {0.975,0.98,0.985, 0.99, 0.995, 1}
(M2) no yes 9.487 6.874 13.505
(M3) yes yes 9.549 6.848 13.704
Heavy down-weighting, A = {0.95,0.96,0.97,0.98,0.99,1}
(M4) no ves 9734 7.027 13.898
(M5) yes yes 10.389 7.277 15.177
Pair-wise panel DM test (all countries)
Light down-weighting Heavy down-weighting
(M2) (M3) M4 ()
(M1) 3.667 2.827 (M1) 0.943 -1.664
(M2) - -1.009 (M4) - -3.498

Notes: There are up to 15 macro and financial variables in the active set.
TFor each of the two sets of exponential down-weighting (light/heavy) forecasts of the target variable are
computed as the simple average of the forecasts obtained using the down-weighting coefficient, A, in the

"light" or the "heavy" down-weighting set under consideration..

Table 10: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso, and Adaptive
Lasso for one-year ahead output growth forecasts across 33 countries over the period1997Q2-2016Q4 (2607

forecasts)
MSFE under different down-weighting scenarios
No down-weighting Light down-weighting? Heavy down-weighting*
All Adv.* Emer.** All Adv. Emer. All Adv. Emer.
OCMT 11.246 7.277 17.354 10.836 6.913 16.871 11.064 7.187 17.028
Lasso 11.205 6.975 17.714 10.729 6.427 17.347 11.749 7.186 18.769
A-Lasso 11.579 7.128 18.426  11.153 6.548 18.236 12.254 7.482 19.595
Pair-wise panel DM tests (All countries)
No down-weighting Light down-weighting Heavy down-weighting
Lasso  A-Lasso Lasso  A-Lasso Lasso  A-Lasso
OCMT  0.220 -1.079 0.486 -1.007 -1.799  -2.441
Lasso - -2.625 - -3.626 - -3.157

Notes: There are up to 15 macro and financial covariates in the active set.

 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.

* Adv. stands for advanced economies.

** Emer. stands for emerging economies.
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Table 11: Mean square forecast error (MSFE) and panel DM test of OCMT versus Lasso, and Adaptive

Lasso of two-year ahead output growth forecasts across 33 countries over the period1997Q2-2016Q4 (2343
forecasts)

MSFE under different down-weighting scenarios

No down-weighting Light down-weighting? Heavy down-weighting?
All Adv.* Emer.** All Adv. Emer. All Adv. Emer.
OoCMT  9.921 7.355 13.867  9.487 6.874 13.505  9.734 7.027 13.898
Lasso 10.151 7.583 14.103  9.662 7.099 13.605 10.202 7.428 14.469
A-Lasso 10.580 7.899 14.705 10.090 7.493 14.087 11.008 8.195 15.336

Pair-wise panel DM tests (All countries)

No down-weighting Light down-weighting Heavy down-weighting
Lasso A-Lasso Lasso  A-Lasso Lasso  A-Lasso
OCMT -2.684 -4.200 -2.137  -4.015 -3.606  -4.789
Lasso - -5.000 - -4.950 - -4.969

Notes: There are up to 15 macro and financial covariates in the active set.

 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.

* Adv. stands for advanced economies.

** Emer. stands for emerging economies.
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Table 12: The number of countries out of the 33 countries where OCMT outperforms/underperforms
Lasso, and Adaptive Lasso in terms of mean square forecast error (MSFE) and panel DM test over the
period 1997Q2 -2016Q4

OCMT OCMT
Down- OCMT  significantly OCMT significantly
weighting outperforms outperforms underperforms underperforms

One-year-ahead horizon (h = 4 quarters)

Lasso No 13 0 20 3
Lightt 12 1 21 3
Heavy! 17 1 16 3
Adaptive Lasso No 16 1 17 2
Light 14 2 19 2
Heavy 19 1 14 0
Two-years-ahead horizon (h = 8 quarters)
Lasso No 24 1 9 0
Light 25 1 8 1
Heavy 25 1 8 0
Adaptive Lasso No 25 2 8 0
Light 28 3 5 1
Heavy 30 3 3 0

Notes: There are up to 15 macro and financial covariates in the active set.

TLight down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}.

of selected variables being 2 for h = 4 and 8). On the other hand, Lasso on average selects
2.7 variables from the active set for h = 4, and 1 variable on average for h = 8. Maximum
number of variables selected by Lasso is 9 and 13 for h = 4, 8, respectively (out of possible
15). Again as to be expected, Adaptive Lasso selects a fewer number of variables as compared
to Lasso (2.3 and 0.8 on average for h = 4,8, respectively), but this does not lead to a better
forecast performance in comparison with Lasso.

In conclusion, down-weighting at both selection and forecasting stages deteriorates OCMT’s
MSFE for both one-year and two-years ahead forecast horizons, as compared to down-
weighting only at the forecasting stage. Moreover, light down-weighting at the forecasting
stage improves forecasting performance for both horizons. Statistically significant evidence
of forecasting skill is found for OCMT relative to Lasso only in the case of two-years ahead
forecasts. However, it is interesting that none of the big data methods can significantly beat
the simple (light down-weighted) AR(1) baseline model.
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Table 13: Mean directional forecast accuracy (MDFA) and PT test of OCMT, Lasso and Adaptive Lasso
for one-year ahead output growth forecasts over the period 1997Q2-2016Q4 (2607 forecasts)

Down- MDFA PT tests
weighting  All  Advanced Emerging All' Advanced Emerging
OCMT No 87.6 87.4 88.0 8.12 7.40 3.48
Light' 87.4 87.1 87.8 7.36 6.95 2.53
Heavyt  86.8 86.3 87.5 6.25 5.93 1.95
Lasso No 87.0 86.9 87.2 9.64 9.15 3.80
Light 87.1 87.1 87.1 8.12 8.22 2.26
Heavy 86.0 85.8 86.4 6.24 6.43 1.40
Adaptive Lasso No 87.3 87.3 87.2 10.80 9.91 4.75
Light 86.5 86.6 86.4 8.25 8.36 2.48
Heavy 85.5 85.3 85.7 6.84 6.92 1.88

Notes: There are up to 15 macro and financial variables in the active set.

 Light down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995, 1}.

¥ Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99,1}..

Table 14: Mean directional forecast accuracy (MDFA) and PT test of OCMT, Lasso and Adaptive Lasso
for two-year ahead output growth forecasts over the period 1997Q2-2016Q4 (2343 forecasts)

Down- MDFA PT tests
weighting  All  Advanced Emerging All  Advanced Emerging
OCMT No 88.0 86.7 89.9 0.52 0.00 0.47
Light® 87.7 86.6 89.3 1.11 0.39 0.94
Heavy!  87.0 85.8 88.8 0.50 0.89 0.34
Lasso No 87.6 86.6 89.2 0.77 0.60 0.66
Light 87.5 86.3 89.4 0.07 0.79 0.88
Heavy 86.8 85.5 88.8 1.54 1.87 0.34
Adaptive Lasso No 87.0 85.6 89.2 0.33 0.13 1.00
Light 87.1 85.9 88.9 1.03 1.82 1.10
Heavy 86.2 84.8 88.4 1.53 1.92 0.62

Notes: There are up to 15 macro and financial variables in the active set.

tLight down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.975,0.98,0.985,0.99,0.995,1}.

t Heavy down-weighted forecasts are computed as simple averages of forecasts obtained using the
down-weighting coefficient, A = {0.95,0.96,0.97,0.98,0.99, 1}.

26



6 Conclusion

The penalized regression approach has become the de facto benchmark in the literature in
the context of linear regression models without breaks. These studies (with few exceptions,
including Kapetanios and Zikes, 2018) do not consider the problem of variable selection
when breaks are present. Recently, Chudik et al. (2018) proposed OCMT as an alternative
procedure to penalized regression. One clear advantage of the OCMT procedure is the fact
that the problem of variable selection is separated from the forecasting stage, which is in
contrast to the penalized regression techniques where the variable selection and estimation
are carried out simultaneously. Using OCMT one can decide whether to use the weighted
observations at the variable selection stage or not, without preempting a different down-
weighting procedure at the forecasting stage.

We have provided theoretical arguments for using the full (not down-weighted) sample at
the selection stage of OCMT, and down-weighted observations (if needed) at the forecasting
stage of OCMT. The benefits of the proposed method are illustrated by a number of empirical
applications to forecasting output growth and stock market returns. Our results consistently
suggests that using down-weighted observations at the selection stage of OCMT deteriorate
the forecasting accuracy in terms of mean square forecast error and mean directional forecast
accuracy. Moreover, our results suggest that overall OCMT with no down-weighting at the
selection stage outperforms penalized regression methods, i.e. Lasso and Adaptive Lasso,

which are prone to over-fitting.
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A Appendix A: Mathematical Derivations

The proof of Theorem 1 is provided in Section A.1. This proof is based on a number of
Lemmas presented in Section A.2. Section A.2 presents and establishes the main lemmas
mostly needed to proof the key lemma of the paper, namely Lemma A.6. For each covariate
1 =1,2,---, N , this lemma establishes exponential probability inequalities for the t-ratio
multiple tests conditional on the average net effect, éi,T? being either of the order &(7~%)
for some g; > 1/2, or of the order ©(TV%), for some 0 < 9J; < 1/2. Section B.1 of the online
supplement provides the complementary lemmas needed for the proofs of the main lemma
in Section A.2.

Additional Notations and Definitions: Throughout this Appendix we consider the

following events:
k Z N Z
Ay =HNG, where H = {4 i =k} and G = {SF, 1 1 i =0}, (A1)

where {J; for i = 1,2,--- , N} are the selection indicators defined by (9). Ay is the event of
selecting the approximating model, defined by H, is the event that all signals are selected,
and G is the event that no (average) noise variable is selected. To simplify the exposition,
with slight abuse of notation, we denote the probability of an event £ conditional on 6;

being of order ©(T~?) by Pr[€|0; 7 = ©(T~*)],where a is a nonnegative constant.

A.1 Proof of Theorem 1

To establish result (11), first note that Aj = H°UG® and hence (H® denotes the complement
of H)

Pr(Aj) = Pr(H®) + Pr(G°) — Pr(H° N G°) < Pr(H°) + Pr(G°), (A.2)

where H and G are given by (A.1). We also have H¢ = {3_F  J < k} and G° =
{Zﬁikﬂc*“ Ji > 0}. Let’s consider Pr (H¢) and Pr(G¢) in turn:

Pr(H®) < S8 Pr(J; = 0).
But for any signal
Pr(jz = 0) = Pl" Utz,T‘ < CP(N, 5)|‘§2,T = @(T_ﬂz)} = 1—PI' Utz’T’ > CP(N, 5>|§Z,T = @(T_ﬁzﬂ y
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where 0 < ¢J; < 1/2 and hence by Lemma A.6, we can conclude that there exist sufficiently

large positive constants Cy and C' such that
Pr(J; =0) =0 lexp(—CoT™)] .
Since by Assumption 3, the number of signals is finite we can further conclude that
Pr(H¢) = O [exp(—CoT“)] (A.3)
for some finite positive constants Cy and (. In the next step note that
Pr(G°) = Pr (Zi{kwﬂ i > 0) < Pr (j _ 1) _
But for any average noise variable
Pr(J; = 0) = Pr [|tir| > (N, 0)|0ir = ©(T~%)] ,

where €; > 1/2 and hence by Lemma A.6, we can conclude that there exist sufficiently large

positive constants Cy, C; and Cs such that
Pr(J; = 0) < exp [~Coc2(N, 8)] + exp(—C1T).
Therefore,
Pr(G¢) < Nexp [-Coc2(N,0)] + N exp(—CiT?),
and by result (II) of Lemma S.2 in online supplement we can further write
Pr(G¢) = O(N'72%%) + O [N exp(—C1T%)] . (A.4)
Using (A.3) and (A.4) in (A.2), we obtain
Pr(A5) = O(N'72%%) + O [N exp(—C1T?)]
and

Pr(Ap) = 1 — O(N'72%) — O [N exp(—C,T)]

which completes the proof.

A.2 Main Lemmas

Lemma A.1 Let y; be a target variable generated by equation (1), z; = (214, 228, 5 Zmt)’

be the m x 1 vector of conditioning covariates in DGP(1) and z; be a covariate in the active
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set Sy = {x1e, Tat, -+, TN . Under Assumptions 1, 3, and 4 we have
E [y — B(yii) | Fia] = 0,
fori=1,2,--- N,
E [yrzee — B(yeze) | Fi1] = 0,
fort=1,2,--- . m, and
E [y — BE(y;)|Fia] = 0.
Proof. Note that y; can be written as
Yo = zyay + X5 By +up = D)0 apzy + Z?Zl B + ug,

where X+ = (T1¢, Tor, -+, Tge)'y and B, = (Byy, Bas, -+, Biy)’- Moreover, By Assumption 4,

ag 18 independent of x;» and zpy for all 7, ¢/, and t'. Hence, for i =1,2,--- , N, we have
E(ywi| Fio1) = 27:1 E(aft|-E—1)E(zétxit|ﬂ—1)+2§:1 E(ﬂjt|ﬂ—1)E($g‘t-’Eit|ﬂ—1)+E(Ut$it|ﬂ—1)-

By Assumption 1, we have E(azx|F;—1) = BE(ay), B(zazi| Fi1) = B(zai), B(8; | Fi1) =
E(ﬁjt)» E(zjixi| Fio1) = E(zjizy), and E(uix;| Fi—1) = E(ux;). Therefore,

By Fi1) = 305, E(an)E(zaxi) + 2?21 E(8;1)E(zjiwi) + Bluzir) = B(yair).

Similarly, we can show that for £ =1,2,--- ,m,

E(yrzal Fi1) = 35— Blae Fi1)E(zerza| Fi1) + Z?:l BB Fe—1)B(@jezer| Fi1) + Blupze| Fi-1)
= > iy Bar)B(zeeze) + 35—y BB, ) E(zj020) + Blurzee) = B(yrza).

Also to establish the last result, we can write y; as y; = w;d; + uz, where w; = (z, x; )’

and &, = (a},3;)’. We have,

E(y7| Fie1) = B(0;| Fim1)B(w,wi| Fy 1 )E(8| Fio1) + B(uf| Fioy) + 2B(85| Frm1)E(wiue| Fiy)
= E(0;)E(wwi)E(d,) + B(u}) + 2E(6;)E(wuy) = B(y7).

Lemma A.2 Lety; be a target variable generated by equation (1). Under Assumptions 2-/,

for any value of o > 0, there exist some positive constants Cy and Cy such that

sup Pr(|y,| > ) < Cyexp(Cra*’?)
t
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Proof. Note that
m k
lyel < 3200 laeeze] + Zj:1|6jtxjt| + |ul.
Therefore,

Pr(ly:| > a) < Pr(3_L [asze| + Z?:1|Bjtxjt| + |w| > ),

and by Lemma S.3 forany 0 < 7m; < 1,71=1,2,--- ,k+m+ 1, with Ef:lmﬂﬂjzl, we can

further write

Pr(ly:| > o) < 308 Pr(lagzal > ma) + 35 Pr(|B8ja5] > mj0) + Pr(jw] > Trimi10).
Moreover, by Lemma S.4, we have

Pr(lagze| > ) < Prf|ze| > (moz)l/z] + Prl|ag| > (ma)lﬂ],

Pr(|8;m0 > mja) < Prf|zje| > (m50)"?] + Pr[|B;] > (mi0)'/?],
and hence

Pr(|y| > a) < 377, Pr{lzal > (mea)3 + 3000, Prllag| > (meo)/?]+
S5 Prllag] > (mje) V2 + 8 Pr(|By] > (me) V2] + Pr(fuy| > mrpae),

Therefore, under Assumptions 2-4, we can conclude that for any value of o > 0, there

exist some positive constants Cy and C such that

sup Pr(|y| > o) < Cyexp(Cra®/?).
t

n
Lemma A.3 Let x;; be a covariate in the active set, Sy = {1y, To, -+ , XN} and z; =
(21¢, 296, -+ 2me)" be the m x 1 wvector of conditioning covariates in the DGP, given by (1).

Define the projection regression of x; on z; as
-/ ~
Tt = P24 + Ty,

where P, = (Yy,---,4,.) is the m x 1 vector of projection coefficients which is equal to
(TS Bzez,) [T S B(zyxi)]. Under Assumptions 1, 2, and 4, there exist some
finite positive constants Cy, Cy and Cy such that if 0 < X\ < (s +2)/(s +4), then

Pr(|x;M.x; — B(XX))| > (1) < exp(=CoT™'¢7) + exp(—=CiT)
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and if A > (s +2)/(s+4), then
/ A Sl s/(s+1) C
Pr(lx;M.x; — E(XX;)| > (1) < exp(=CoCr ™) + exp(=CiT7?)

for all i and j, where X; = (T, T, -, Tir) s Xi = (i, Tigy -+ ,xir), and M, = T —
T_IZE];ZIZ’ with Z = (21,29, -+ ,z7)" and S, =T"1 ZtT:l(ztz;).

Proof. By Assumption 1 we have

E [zozer — B(zeze)| Fi—1] = 0.
for 0,0/ =1,2,--- ,m,

E [zyxj — B(xyxj)| Fioa] = 0,
fore,7=1,2,--- , N, and

E [zoxiy — E(zgzy)| Fia] =0,

for { =1,2,---,m,i=1,2,---, N. Moreover, by Assumption 2, for all 7, ¢, and ¢, x;;, and
zee have exponential decaying probability tails. Additionally, by Assumption 4 the number
of conditioning variables m is finite. Therefore by Lemma S.16, we can conclude that there

exist sufficiently large positive constants Cy, C1, and C5 such that if 0 < A < (s+2)/(s+4),
Pr(jx/M.x; — B(X%;)| > (7) < exp(—CoT7'¢2) + exp(—C1T?)

and if A > (s +2)/(s+4)
Pr(|x/M.x; — BX%;)| > ¢7) < exp(~Co¢3 ) + exp(~CiT)

forall 2 and j. m

Lemma A.4 Lety; be a target variable generated by the DGP given by (1), z; = (211, 221, ** » Zmt)’
be the m x 1 vector of conditioning covariates in DGP(1) and x; be a covariate in the active

set, Snt = {T1t, Tar, - -+ , TNt ). Define the projection regression of x; on z; as

! 7 ~
Ty = Zt'l,bz‘,T + Tit,

to |T1 Zthl E(ztz;)] [T-1 Zthl E(z;z)]. Additionally define the projection regression of

Y ON Zy as

where Y, p = (Vyip, -+, Upir)' s the m X 1 vector of projection coefficients which is equal
1

Y = Z:f"t_byﬂ" + Ui,
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_ -1
where ’ltby,T = (wly,Ta to 7wmy,T), is equal to [T_l Z?:l E(thg) [T_l Zz:l E<Ztyt)] . Un-
der Assumptions 1-4, if 0 < A < (s +2)/(s +4),

Pr(|xiM.y — 0;7| > (7) < exp(—=CoT~'(F) + exp(—CiT),
and if A > (s +2)/(s+4)
Pr([x,M.y — 0;1] > C7) < exp(—CoCil ) + exp(—C1T),

foralli=1,2,--- N; where x; = (%‘1,%‘27"' 7xiT)/; y = (yl,’yz,--- ,yT)', 9i,T = Téi,T =
E(Xy), Xi = (Ti1, Tiz, -+ Tir), ¥ = (1,92, ,9r), M, =1 — T_lziz_zlzly Z = (21,2,
zr) and 3., =T} Zthl 747

Proof. Note that by Assumption 1 and Lemma A.1, for all 7 and ¢, cross products of x;;,
zee and y; minus their expected values are martingale difference processes with respect to
filtration F;_ . Moreover, by Assumption 2 and Lemma A.2, for all ¢, ¢, and ¢, z;;, 24 and
y; have exponential decaying probability tails. Additionally, by Assumption 4 the number
of conditioning variables m is finite. Therefore by Lemma S.16, we can conclude that there
exist sufficiently large positive constants Cy, C;, and Cy such that if 0 < A < (s+2)/(s+4),
then

Pr(|xM.y — 0;7| > (7) < exp(—CoT (3 + exp(—C1T?),
and if A > (s +2)/(s +4), then
Pr(Ix;M.y — 07| > (1) < exp(=Co¢y' ™) +exp(~C1T%),
foralli=1,2,--- . N. =
Lemma A.5 Let y; be a target variable generated by equation (1), z; be the m x 1 vec-

tor of conditioning covariates in DGP(1) and x; be a covariate in the active set, Sy =

{14, T2, - ;&N }. Define the projection regression of y; on qi = (z;,xy)" as

=/
Y = ¢1,qut + Migs
_ -1
where ¢; p = [T’l ZtT:l E(qtq;)} 71 ZtT:l E(qiy:)] is the projection coefficients. Under
Assumptions 1-4, there exist sufficiently large positive constants Cy, C7 and Cy such that if

0< A< (s+2)/(s+4), then

Pr(|n/Myn; — E(nin;)| > (7] < exp(—=CoT'(3) + exp(—CiT?),
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and if A > (s +2)/(s+4), then
Pr |, M,n; — E(n/n,)| > (7] < exp(—Coli ™) + exp(—C1T)
r nz qnz "7@"7@ T = €xXp oS €exp 1 3

for-alli=1,2,--- N; where n; = (01, Mo, Mir)'s My = Ip — Q(Q'Q)'Q/, and Q =
(q17 q2, - >qT),-

Proof. Note that n;M,n, = y'M,y where y = (y1,y2,--- ,yr)". By Lemma A.1 we have
B [yiwi — B(yewi)|Fi-a] = 0,

fori=1,2,---, N,
E [yezee — B(yza)|Fi-a] = 0,

for ¢ =1,2,---,m, and
E [y — B(y/)|Fia] = 0.

Moreover, by Assumption 2 and Lemma A.2, for all 4, ¢, and ¢, z;;, z,+ and y; have exponen-
tial decaying probability tails. Additionally, by Assumption 4 the number of conditioning
variables m is finite. Therefore by Lemma S.16, we can conclude that there exist sufficiently
large positive constants Cy, C1, and Cy such that if 0 < A < (s + 2)/(s + 4), then

Pr[[n;Myn; — B(nin,)| > ¢r] < exp(=CoT~'¢7) + exp(—=ChT),
and if A > (s +2)/(s+4), then

Pr [|n;Mm; — B(njm;)| > (7] < exp(=Co¢y ™) + exp(=C1T%),
foralli=1,2,--- . N. =

Lemma A.6 Let y; be a target variable generated by equation (1), z, be the m x 1 vec-
tor of conditioning covariates in DGP(1) and x4 be a covariate in the active set Sy, =

{14, T2, - ,xNt}. Define the projection regression of x; on z; as
! 7 ~
Ty = Zt'l,bz‘,T + Tit,

where Y, p = (Vyip,++  Upir)' s the m X 1 vector of projection coefficients which is equal
to [T' S0 B(zz,) Y| [T 1, B(zey)]. Additionally define the projection regression of
Yp On Z; as

Y = 2%, 7 + G,
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_ -1
where wy,T = (wly,T7 T ¢my,T), is equal to [T_l Z?:l E(thg)] [T_l ZtT:1 E(Ztyt)] : LCLStly,
define the projection regression of y; on q; = (2}, xi)" as

=/
Ye = @; e + Mg

_ -1
where ¢; 7 = [T‘l S E(qtqg)] (T2 321 B(aquy:)] s the vector of projection coefficients.
Consider
T-'x'M.y
/T M,n; /T XM, x;

tiT

fO’l” all © = 1727“' aN; where X; = (xi17$i27"' 7miT>,7 y = (ylay%' te 7yT),} n, = (771'177712
o), My = 1= Z(ZZ2)'Z, Z = (71,20, ,2r), M, = 1-Q(QQ)'Q, Q =
(d1,92, - ,qr)’. Under Assumptions 1-4, there exist sufficiently large positive constants
Cy, C1 and Cy such that

1
Pr [[tir| > ¢,(N,0)|0:0 = (T )] < exp [~Coci(N, )] + exp(—C1T%?), for ¢; > 3

where c,(N, ) is defined by (8), 0;7 = TO;7 = B(XY), X; = (Zi1, a2, -+, Tir), and § =
(1, T2, Jr). Moreover, if c,(N,§) = o(TY?*7=¢) for any 0 < 9 < 1/2 and a finite

positive constant c, then there exist some finite positive constants Cy and Cy such that,
Pr [|ti7T| > CP(N, 6)|02,T = @(Tlfﬂi)} >1- eXp(—CoTcl), fOT‘ 0< 192 < %
Proof. Let 0} = E(T 'nin;), and o3, = B(T~'%/X;). We have [t; 7| = AirBir, where,

A'T — ’T_l/QXiMZY‘

O'm_ 0%,
and

O'm_O'ji

Bi == .
! \/T’lnéqu \/Tilngin

In the first case where 6, 7 = &(T"'~%) for some ¢; > 1/2, by using Lemma S.4 we have

PI‘ [|tz,T| > cp(n, 6)|017T = @(Tl_eiﬂ S Pl" [AzT > Cp(N, 5)/(1 + dT)|0i,T = @(Tl_ﬁi)] +
Pr [BZT >1+4+ dT|0i,T = @(Tl_ei)} ,
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where dr — 0 as T' — oo. By using Lemma S.6,

Pr [BzT >1+ dTmi,T = @(Tliq)}
Uﬁiafi
=== 7 T -1x :
\/T nqunz\/T XZMZXZ
T M, n.) (T 'xM,x; ,
< Pr <|( L q;’;’;)gz xMxi) >dT|9i,T_@<T1—Ez)>

N Ti

=Pr

— 1| > dT\Gi’T = @(T162)>

where Rir = [(T'niM,n;)/o2 — 1| and Mir = [(T~'x;M.x;)/03, — 1|. By using Lemmas
S.3 and S.4, for any values of 0 < 7; < 1 with Z?=1 m; = 1 and a strictly positive constant,

¢, we have

Pr [BZT > 14+ dT|07j,T = @(Tl_siﬂ
< Pr [MZT > WldT|0i7T = @(Tl_ei” + Pr [RZT > 7r2dT]9i,T = @(Tl_ei)] -+
Pr [MzT > ”—deIGZ-,T = @(Tl_eiﬂ + Pr [RzT > C‘ein = @(Tl_ei)] .

First, consider Pr [M;r > myd7|0;7 = &(T'~%)], and note that
Pr [Myr > midr|0ir = ©(T" )] = Pr [|x\M.x; — E(X/%X;)| > m103,Tdr|b; 7 = S(T' )] .
Therefore, by Lemma A.3, there exist some constants Cyy and C} such that,
Pr [./\/lz-T > mdr|0;r = @(Tl_ei)} < exp(—CoTcl).
Similarly,
Pr [MiT > Bdpl0;r = @<Tl_€i)} < exp(—CoT“).
Also note that
Pr [R’T > madr|bir = e(Tl_Ei)] = Pr [|77;qu — E(min;)| > 7T2O'$IdeT|9i,T = @(Tl_ei)] .
Therefore, by Lemma A.5, there exist some constants Cy and C such that,
Pr [Rl-T > Todr|0;r = 9(T1_€")} < eXp(—C’chl).
Similarly,

Pr [RzT > C|9i,T = @(Tliei)] < eXp(—C’oTcl).
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Therefore, we can conclude that there exist some constants Cy and C such that,
Pr [Bﬂ“ >14+ dT|9i,T = @(Tl_ei)] < exp(—COTcl)

Now consider Pr [A;r > ¢,(N,0)/(1+ dr)|0;7 = &(T'%)], which is equal to

P%C& Y T+’ﬂ>TW@%—l@¢=@@lﬂ>

0,0z, 1+ dr

< Pr ([xIMLy — O] > TETETY20, (N, 6) — [0l |01 = (T )
' 1+dT ? El

Note that since €¢; > 1/2 the first term on the right hand side of the inequality dominate the
second one. Moreover, Since ¢,(N,d) = o(T?) for all values of X > 0, by Lemma A.4, there

exists a finite positive constant Cy such that

Pr[[x/M.y| > kiT"2¢,(N,6)|0;r = (T )] < exp [~Coci(N,9)],

0n; 03,
Trar
Given the probability upper bound for A;7 and B;r, we can conclude that there exist

where k; =

some finite positive constants Cy, C7 and C5 such that
Pr(|tir| > ¢p(N,8)|0;7 = S(T' )] < exp [—C’OCIQ,(N, 8)] + exp(—CiT?).
Let’s consider the next case where ;7 = ©(T"~7) for some 0 < 9; < 1/2. We know that
Pr [[tir] > (N, 8)[fir = S(T'")] = 1 = Pr [ty < (N, 8)|0sr = ©(T"%)] .
By Lemma S.8,
Pr [|tiz| < ¢o(N, )| = S(T"")] < Pr [AZ-T < 1+ drey(N,8)|0;7 = @(Tlﬂ’i)} +
Pr [BiT <1/\/1+delb;r = e(Tl—ﬂi)} .

Since ;7 = ©(T*~?), for some 0 < ¥; < 1/2 and c,(N, ) = o(T?79=¢), for any 0 < ¥ <
1/2, |0;.7| — 0,05 [(1 + dr)T)Y2¢,(N, 8) = &(T*%) > 0 and by Lemma S.5, we have

Pr [AiT <V 1+ drey(N,0)[0ir = @(Tl—ﬂi)]

On0;

<1+ drcy(N,8)|0;0 = (T")
< Pr[|xM.y — 0,2 > |0ix| — 05,05 [(1 + dr)T)Y2c, (N, 0)|0;0 = ©(T )] .

Therefore, by Lemma A.4, there exist some finite positive constants Cy and C; such that,

Pr [|X;M.y — 07| > [0i7| — 0,02, [(1 + dr)T] ¢, (N, 6)|0;0 = (T )] < exp(—CoT™),
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and therefore
Pr [AiT < V1 +drcy(N,6)|0;7 = @(Tl—ﬁi)} < exp(—CoT).

Now let consider the probability of B;r,

Pr (Bir < 1/v/1+ drlfir = (1))
0.0z, 1
= PI' U < 0@ — @ Tlfﬁi
(\/T_ln;qu \/T—lx;szz- V1+ dT| T ( )
Tl M, n.) (T 1x'M.x;
- <( - qgé)((ﬂ xMex) > 1+dr|0ir = @(Tl_m))

N Ti

< Pr(Mir + Rir + MirRir > dr|0; 7 = &(T*7%)),

where Rir = [(T'niM,n;)/o2 — 1| and Mir = [(T~'x]M.x;)/03, — 1|. By using Lemmas
S.3 and S.4, for any values of 0 < 7; < 1 with Z?:l m; = 1 and a positive constant, ¢, we

have

Pr [BiT <1/V1+dr|0ir = @(Tlfﬂi)]
<Pr [Mz’T > 7T1dT|9i,T = @(Tl—ﬁi)] + Pr [RiT > 7T2dT|9i,T — e(Tl—ﬂZ—)} +
Pr [Mir > Z3dr|0;r = ©(T* )] 4+ Pr [Rir > c|b;r = ©(T )] .

Let’s first consider the Pr [/\/liT > midr|0ir = @(Tl_ﬁ")]. Note that
Pr [Mr > midr|0ir = @(Tl_ﬁi)} = Pr [|x|M.x; — E(Viv;)| > ﬂladeTwij = @(Tl_ﬁi)} .
So, by Lemma A.3, we know that there exist some constants Cy and C} such that,
Pr [/\/liT > mdr|0ir = @(Tl_ﬁi)} < exp(—C’oTcl).
Similarly,
Pr [Mir > %dr|0;r = ©(T"")] < exp(=CoT).
Also note that
Pr [RiT > madr|0ir = @(Tl_ﬂi” = Pr [ln;qui — E(mim;)| > WQU%deTWi,T = @(Tl_ﬁi)] )
Therefore, by Lemma A.5, there exist some constants Cy and C such that,

PI’(RZ‘T > WQdTWi,T 7& O) < exp(—C’chl).
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Similarly,
PI‘(RZ‘T > C|0i,T 7& O) < exp(—Cchl).
Therefore, we can conclude that there exist some constants Cy and C such that,

Pr [BzT < 1/\/ 1+ dT|97j,T = @(Tl_ﬁi)} < 6Xp<—CQTcl).
So, overall we conclude that

Pr Uti,T‘ > Cp(]\/v7 5)|61,T — 9<T1719¢)]
=1-Pr [tivT < (N, 6)|0;7 = Q(Tlfﬂi)] > 1 — exp(—CoT).

B Appendix B: Technical and Financial Indicators

Our choice of the technical trading indicators is based on the extensive literature on system
trading, reviewed by Wilder (1978) and Kaufman (2020). Most of the technical indicators
are based on historical daily high, low and adjusted close prices, which we denote by H;(7),
L (1), and Py (1), respectively. These prices refer to stock i in month ¢, for day 7. Moreover,
let D! be the number of trading days, and denote by Dfi the last trading day of stock 7 in
month ¢. For each stock 7, monthly high, low and close prices are set to the last trading day
of the month, namely Hit(th), Lit(Dlit) and P,-t(Dlit), or Hy;, L;;, and Py, for simplicity. The
logarithms of these are denoted by h;, l;;, and p;, respectively.

The 28 stocks considered in our study are allocated to 19 sectoral groups according to
Industry Classification Benchmark. The group membership of stock ¢ is denoted by the set
gi, which includes all S&P 500 stocks in stock i’ group, and |g;| is the number of stocks in
the group.

The technical and financial indicators considered are:

1. Return of Stock ¢ (r;):
Tit = 100(pit - pi,t—l)-

2. The Group Average Return of Stock i (74,):

fft = |9i|_1 Z Tjt-

JEYi
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. Moving Average Stock Return of order s (mary(s)): This indicator, which is also

known as s-day momentum (see, for example, Kaufman, 2020), is defined as
mar;(s) = MA(ry, s),

where MA (z;, s) is Moving Average of a time-series process x;; with degree of smooth-

ness s which can be written as
S
-1
MA(zy4,8) = s E Tit—p.
(=1

. Return Gap (gri(s)): This indicator represents a belief in mean reversion that prices

will eventually return to their means (for further details see Kaufman, 2020).

grie(s) = ry — MA(ry, s).

. Price Gap (gpi(s)):
gpit(s) = 100 [pir — MA(pit, 8)] -

. Realized Volatility (RV};): Let

D

RVie = | Y (Ra(r) = Rat)’,

=1
where Ry(7) = 100 [Py (7)/Py(t — 1) — 1], and Ry = Zfél Ry(7)/Di.

. Group Realized Volatility (RV}))

RV = [lg|"' ) RVZ.
€9

. Moving Average Realized Volatility (mav;(s)): "Signals are generated when a price
change is accompanied by an unusually large move relative to average volatility" (Kauf-

man, 2020). The following two indicators are constructed to capture such signals

mavy(s) = MA(RVy, )

. Realized Volatility Gap (RV G (s)):

RVG“/(S) = R‘/zt — MA(R‘/;t, S)
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10. Percent Price Oscillator(PPO;(s1, s2)):

MA(Py, s1) — MA(Py,
PPOu(s1,55) = 100< (B, 51) (B 32))

MA(Pit7 82)
where s; < $9.

11. Relative Strength Indicator (RSI}): This is a price momentum indicator developed by
Wilder (1978) to capture overbought and oversold conditions. Let

AP = APylap,~o(APy), and AP, = APyIap,<o(APy),

where APy = P — P,;—1 and 14(z;) is an indicator function that take a value of one

if z;; € A and zero otherwise. Then
MA(AP;, s)

RS, = ——— 1~
g MA(AP;,s)’

it
and

5 =1 1——— .
RSI 00( 1+RSft)

12. Williams R (WILLR;(s)): This indicator proposed by Williams (1979) to measure
buying and selling pressure.
Nit—s+j) — i
jemax (hig—sij) = Pt

Pit—syj) —  min (L st
ety o) = it (e

WILLRy(s) = —100

13. Average Directional Movement Index (ADX(s)): This is a filtered momentum indi-
cator by Wilder (1978). To compute AD X (s), we first calculate up-ward directional
movement (DM;), down-ward directional movement (DM, ), and true range (TR;;)
as:

hit = hiz—1, if hyy — hiz—1 >0 and hy — hip—1 > L1 — L,

DM =
0, otherwise.

li—_li7 1 lz_—l,>0andl1_—lz>hz—hz_,

DM; — -1 t, 0f liga ¢ 41 t t =1
0, otherwise.

TRy = max{hit — Ly, |hit - pi,t—1|7 |pz‘,t—1 - lz‘t|}-

Then, positive and negative directional indexes denoted by 1D} (s) and 1D (s) re-
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14.

spectively, are computed by

IDt@):]OO<MALDMq}Q)

MA(T Ry, s)

ID;(s) =100 <w) ,

MA(TR”, S)
Finally, directional index DX;(s) and ADX;(s) are computed as

IID$@)—ID5@H)
IDf(s)+ ID;(s) )

DXMﬁzlm(

ADX;(s) = MA(DXi(s), ).

Percentage Change in Kaufman’s Adaptive Moving Average (AKAM A (s1, $2,m)):
Kaufman’s Adaptive Moving Average accounts for market noise or volatility. To com-
pute AKAM A;i(s1, $2, m), we first need to calculate the Efficiency Ratio (E'R;;) defined
by

|pit — Di t—m|
ERit = 100 m ’ ’
<Zj:1 |APi,t—m+j|

where AP, = P, — P,;_1, and then calculate the Smoothing Constant (SCj;) which is

2 2 2 17
! |: t<81+1 82+1)+82+1:|

where s; < m < s5. Then, Kaufman’s Adaptive Moving Average is computed as

KAMA(PZt, S1, S92, m) = SCitPit + (1 — SCZ't)KAMA(PLt,l, S1, S92, m)

where

52
KAMA(PZ'SZ, S1, S9, m) = 82_1 Z Pm.

k=1

The Percentage Change in Kaufman’s Adaptive Moving Average is then computed as

AKAMAit(Sl, S9, m) =100

KAMA(P’Lta S1, 52, m) - KAMA(Pi,tfb S1, 52, m)
KAMA(Pi,tfla 51, 82,MM) .

For further details see Kaufman (2020).
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B.1 Other financial indicators

In addition to the above technical indicators, we also make use of daily prices of Brent Crude
Oil, S&P 500 index, monthly series on Fama and French market factors, and annualized
percentage yield on 3-month, 2-year and 10-year US government bonds. Based on this data,
we have constructed the following variables. These series are denoted by PO, and P,

respectively, and their logs by po; and ps, . The list of additional variables are:
1. Return of S&P 500 index (7gp;):
Tspt = 100<p5p,t - psp,t—l)a
where ps, ¢ is the log of S&P 500 index at the end of month ¢.

2. Realized Volatility of S&P 500 index (RVjy:):

sp
Dt

R‘/sp,t - Z (Rsp,t(T) - Rsp,t)Qa

=1

where Ryy = 308 Riy(7)/Di?, Rapi(1) = 100([Paps (7)) Paps (T — 1) — 1], Popi(7) is
the S& P 500 price index at close of day 7 of month ¢, and D;” is the number of days

in month ¢.

3. Percent Rate of Change in Oil Prices (Apoy):
Apoy = 100(poy — poy_1),

where po; is the log of oil princes at the close of month t.

4. Long Term Interest Rate Spread (LIRS;): The difference between annualized percent-

age yield on 10-year and 3-month US government bonds.

5. Medium Term Interest Rate Spread (M IRS;): The difference between annualized per-

centage yield on 10-year and 2-year US government bonds.

6. Short Term Interest Rate Spread (S7RS;): The difference between annualized percent-

age yield on 2-year and 3-month US government bonds.
7. Small Minus Big Factor (SM B;): Fama and French Small Minus Big market factor.

8. High Minus Low Factor (HML;): Fama and French High Minus Low market factor.

A summary of the covariates in the active set used for prediction of monthly stock returns

is given in Table B.1.
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Table B.1: Active set for percentage change in equity price forecasting

Target Variable: 7.4
(one-month ahead percentage change in equity price of stock 7)

A. Financial Variables: 7
it
Tsp,t
RVy
RV
R‘/sp,t
SM B,
HML,

B. Economic Variables: Apo,
LIRS; — LIRS;
MIRS, — MIRS, 4
SIRS; — SIRS;_4

C. Technical Indicators: marj, for s = {3,6,12}
mav;, for s = {3,6,12}
grs, for s = {3,6,12}
gp;, for s = {3,6,12}
RV GS, for s = {3,6,12}
ADX3 for s = {3,6,12}
RST; for s = {3,6,12}
WILLR;, for s = {3,6,12}
PPO;(s1, s2) for (s1,s2) = {(3,6),(6,12),(3,12)}
AKAM Ay (s1, s2,m) for (s1,s2,m) = (2,12,6)
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