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Abstract

This paper introduces the idea of self-instrumenting endogenous regressors in settings
when the correlation between these regressors and the errors can be derived and used to
bias-correct the moment conditions. The resulting bias-corrected moment conditions are
less likely to be subject to the weak instrument problem and can be used on their own
and/or augmented with other available moment conditions (if any) to obtain more efficient
estimators. This approach can be applied to estimation of a variety of models such as
spatial and dynamic panel data models. This paper focuses on the latter, and proposes a
new estimator for short-T dynamic panels by augmenting Anderson and Hsiao (AAH)
estimator with bias-corrected quadratic moment conditions in first differences which
substantially improve the small sample performance of the AH estimator without sacrificing
on the generality of its underlying assumptions regarding the fixed effects, initial values,
and heteroskedasticity of error terms. Using Monte Carlo experiments it is shown that the
AAH estimator represents a substantial improvement over the AH estimator and more
importantly it performs well even when compared to Arellano and Bond and Blundell and
Bond (BB) estimators that are based on more restrictive assumptions, and continues to
have satisfactory performance in cases where the standard GMM estimators are
inconsistent. Finally, to decide between AAH and BB estimators, we also propose a
Hausman type test which is shown to work well when T is small and n sufficiently large.
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1 Introduction

Analysis of linear dynamic panel data models where the time dimension (7°) is short relative to
the cross section dimension (n), plays an important role in applied research. The estimation of
such panels is carried out predominantly by the application of the Generalized Method of Moments
(GMM) after first-differencing.! This approach utilizes instruments that are uncorrelated with the
errors but are potentially correlated with the target variables (the included regressors). A number
of well-known GMM estimation methods have been advanced in the literature.? The GMM methods
apply to autoregressive (AR) panels as well as to AR panels augmented with strictly or weakly ex-
ogenous regressors and are developed under fairly general conditions, which is important for applied
work. However, the GMM methods are subject to a number of well-known drawbacks. Anderson
and Hsiao (1981 and 1982)’s estimator of AR(1) panels has poor small sample performance due to
weak correlations between the regressors and the instruments when the autoregressive coefficient is
moderately large. Subsequently proposed GMM estimators have better small sample performance
but at the cost of more restricted assumptions. The popular first-difference GMM estimator due
to Arellano and Bond (1991) uses lagged levels rather than first-differences as instruments, and the
system GMM approach by Blundell and Bond (1998) considers additional moment conditions that
help identification but impose strong requirements on the initialization of the dynamic processes.
In particular, as discussed in Section 2, the system GMM approach does not allow for the initial
values to systematically differ from the long-run means.

This paper proposes a novel idea of self-instrumenting the endogenous regressors in settings
where the correlation between the regressors and the errors can be derived instead of searching
for instruments that are uncorrelated with the error terms. The resulting ‘bias-corrected’ moment
conditions are less likely to be subject to the weak instrument problem and can be used on their
own and/or augmented with other available moment conditions (if any) to obtain more efficient
estimators. Our idea differs from the wide variety of the bias-corrected estimation methods in the

literature, which correct a first-stage estimator for small-7T" bias and tend to be applicable under

!Other approaches in the literature include the likelihood-based methods (Hsiao et al., 2002, Lancaster, 2002,
Moral-Benito, 2013, Hayakawa and Pesaran, 2015, and Dhaene and Jochmans, 2016), X-differencing method (Han
et al., 2014), factor-analytical method (Bai, 2013), and bias-correction methods mentioned below.

2 Anderson and Hsiao (1981 and 1982), Holtz-Eakin et al. (1988), Arellano and Bond (1991), Ahn and Schmidt
(1995), Arellano and Bover (1995), Blundell and Bond (1998), and Hayakawa (2012), among others. A recent
contribution by Breitung, Hayakawa, and Kripfganz (2019) is also an interesting addition to the GMM literature.
Their bias-corrected methods of moments estimator requires homoskedastic errors over time.



more restrictive assumptions.? Instead of correcting the bias of standard GMM estimators, we
consider correcting the ‘bias’ of the moment conditions before estimation, when possible. The idea
of self-instrumenting has wide-ranging applications for robust estimation and inference in settings
where the correlation between the regressors and the errors can be derived. This paper focuses
on dynamic panels. Another application is the estimation of spatial panel data models which is
pursued in Pesaran and Yang (2020).

By self-instrumenting lagged differences, we develop a simple bias-corrected methods of moment
(BMM) estimator under general conditions on initialization of the underlying dynamics, individual
effects, with (possibly) heteroskedastic error variances over time as well as cross-sectionally. The
resultant moment conditions turn out to be quadratic, and only reduce to linear moment conditions
if the underlying AR processes are stationary. In this special case we show the BMM estimator to
be identical to the first difference least square estimator proposed by Han and Phillips (2010). We
establish consistency and asymptotic normality of the BMM estimator under general conditions
and discuss its relation to a variety of GMM estimators proposed in the literature. These results
help illustrate the important role played by the initialization of the AR processes in the case of
short T panels.

We also consider augmenting the bias-corrected moment conditions with other moment condi-
tions available in the literature, and for maximum robustness to assumptions regrading individual
effects and initial values we focus on Anderson and Hsiao type moment conditions. Accordingly, we
propose a new augmented Anderson and Hsiao (AAH) estimator which substantially improve the
small sample performance of the AH estimator without sacrificing on the generality of its underlying
assumptions. The AAH estimator holds under less restrictive conditions imposed by other preva-
lent GMM estimators proposed by Arellano and Bond (AB), and Blundell and Bond (BB) in the
literature, and is more generally applicable. For testing the validity of the BB moment conditions,
we consider a Hausman type test based on the difference between BB and AAH estimators.

Monte Carlo (MC) experiments document AAH’s good small sample performance in comparison

3See, for example, methods based on exact analytical bias formula or its approximation, Bruno (2005), Bun (2003),
Bun and Carree (2005, 2006), Bun and Kiviet (2003), Hahn and Kuersteiner (2002), Hahn and Moon (2006), Juodis
(2013), and Kiviet (1995, 1999); simulation-based bias-correction methods by Everaert and Ponzi (2007), and Phillips
and Sul (2003, 2007); the jackknife bias corrections by Dhaene and Jochmans (2015), and Chudik, Pesaran, and Yang
(2018); or the recursive mean adjustment correction procedures, Choi et al. (2010)). Most of these bias-correction
techniques do not apply to short-T type panels where the error variances are heteroskedastic (over ¢ and t), with the
exception of Juodis (2013), and possibly the simulation-based bias-correction method of Everaert and Ponzi (2007).
A comparative analysis of GMM estimators considered in this paper and bias correction estimators is a welcome
addition to the literature but lies beyond the scope of the present paper.



with a number of GMM alternatives. Perhaps not surprisingly the AAH estimator represents a sub-
stantial improvement over the AH estimator across all designs considered. When compared to AB
and BB estimators, the AAH is less efficient in designs that satisfy the more restrictive assumption
that underlie BB estimators, but continues to perform well even in cases where the system-GMM
type estimators are inconsistent. The robustness of the AAH estimator is an important advantage
since in practice it is not known if the additional restrictions of the AB and BB estimators are met,
and it is therefore desirable to consider estimation procedures that are robust to violation of such
restrictive assumptions. In this regard, the AAH estimator is a useful addition to the literature.
The remainder of this paper is organized as follows. Section 2 sets up the baseline panel AR(1)
model and discusses AH and subsequent GMM moment conditions. Section 3 introduces the main
idea and presents a simple BMM estimator. Section 4 introduces the AAH estimator and discusses
the related literature, in particular Ahn and Schmidt (1995, 1997). Section 5 discusses extensions
of AAH estimator to ARX and VAR short-T" panel data models. Section 6 discusses the problem
of moment proliferation and adopts the One Covariate at the time Multiple Testing approach by
Chudik, Kapetanios, and Pesaran (2018) for selection of relevant subset of AAH moments for
estimation and inference. Section 7 presents MC evidence, and the last section concludes and

discusses avenues for future research. Further results and discussions are provided in an Appendix.

2 Panel AR(1) model and assumptions

We begin with a simple panel AR(1) model to set out the main idea. Specifically, consider the

following dynamic panel data model
Yit = Q + ¢yi,t71 + Ui, for i = 17 2> ey T, (1)

where {a;,1 <i < n} are unobserved unit-specific effects, u;; is the idiosyncratic error term, and
y;t are generated from the initial values, y; —_,, for m; >0, and t = —m; +1,—m; +2...,1,2, ..., T.

Using (1) to solve for the initial observations y;g, we obtain

. i—1

o amy, . 1—¢™ 3 ‘ 2

Yio = d) Yi,—m; + o ﬂ + Z ¢ Uj,—¢- ( )
(=0



It is assumed that available observations for estimation and inference are y;, for i = 1,2, ...,n, and
t =0,1,2,...,7. For the implementation of the proposed estimator we require 7' > 3, although
under mean and variance stationarity identification of ¢ could be achieved even if T' = 2, namely

if the panel covers three time periods.

ASSUMPTION 1 (Parameter of interest) The true value of ¢, denoted by ¢, is the parameter

of interest, and it is assumed that ¢ € ©, where © C (—1,1] is a compact set.*

In the case where |p| < 1, and m; — oo, then FE (y;;) = F(a;) /(1 — ¢) for all t. We set
w; = a;/ (1 — ¢) and refer to p; as the long-run mean of y;, even if m; is finite. However in the
unit-root case (¢ = 1), u; is not defined and to avoid incidental linear trends we set a; = 0.

Taking first differences of (1), we obtain

Ayit = ¢AY; -1 + Auyy, (3)

fort =2,3,...,T, and i = 1,2, ...,n; but Ay;; is given by

m;—1
Ay =b;— (1 —¢) Z ¢lui g + i, (4)
=0
where
bi=—¢"" (1= &) (Yi,—m; — ;) - (5)

The relations (4) and (5) show how the deviations of starting values from the long-run means, given
by (Yi,—m, — ps), affect Ay;1.

The contribution of the first term in (4) to Ay, is given by b;, and consequently it is clear that
the initialization of the process will be unimportant for |¢| < 1, E'|yi—m, — ;] < K, and m; large.
We aim for a minimal set of assumptions on the starting values and individual effects, since in
practice such assumptions are difficult to ascertain, and they could have important consequences
for estimation and inference when m; and 1" are both small.

We consider the following assumptions on the errors, u;;, and the starting values, y; —m,.

ASSUMPTION 2 (Idiosyncratic errors) For each i = 1,2,...,n, the process {uy, t = —m; + 1,

—m;+2, ..., 1,2,...,T} is distributed with mean 0, E (“1215) = U%t, and there exist positive constants

4Our theory applies for all finite values of ¢ so long as T and m; are fixed as n — co. We focus on —1 < ¢ < 1,
since we believe these values are most relevant in empirical applications.



2 =2 — -1y 2 =2
c and K such that 0 < ¢ < o3, < K. Moreover, 67, = n~ 'Y 05 — 0; as n — 0o, and

sup;; B |u,~t\4+6 < K for some € > 0. For each t, uy is independently distributed over i. For each i,

w; 18 sertally uncorrelated over t.

ASSUMPTION 3 (Initialization and individual effects) Let by = —¢™ [(1 — ¢) Yi,—m, — @] and
Z=E(b). ThenZ =n"t>7" ¢ - asn — oo, and sup; E |b|*T < K for some ¢ > 0.
In addition, b; is independently distributed of (bj,uj)" for all i # j, i,j = 1,2,..,n, and t =

—m; +1,—m; +2,...,1,2,...,T, and the following conditions hold:
E (Auyb)) =0, fori=1,2,..,n, andt =2,3,...,T. (6)

Remark 1 Assumption 2 does not allow the errors, wu;, to be cross-sectionally dependent, as is
customary in the GMM short-T panel data literature, and together with Assumption 3 ensures also
that Ayt is cross-sectionally independent. When errors are weakly cross-sectionally correlated, in
the sense defined in Chudik, Pesaran, and Tosetti (2011), then the BMM estimators proposed in

this paper remain consistent, but the inference based on them will no longer be valid.
Remark 2 Assumption 2 allows errors to be unconditionally heteroskedastic across both i and t.

Remark 3 Assumption 3 allows for E (b;) to vary across i, and therefore, in view of (3)-(4),

E (Ayit) can vary across both i and t.

2.1 Assumptions underlying GMM estimators

It is important to compare our assumptions on the individual effects and the starting values with
those maintained in the GMM literature. Under Assumptions 2 and 3, initial first-differences, Ay;1,
given by (4) have fourth-order moments and the following moment conditions, which are key to our

estimation method, hold
E (AyisAuy) =0, fori=1,2,....m, s =1,2,..,t =2, and t = 3,4, ..., T. (7)

The same moment conditions are also utilized by Anderson and Hsiao (1981, 1982). However, the
subsequent GMM estimators advanced by Arellano and Bond (1991), Arellano and Bover (1995),

and Blundell and Bond (1998) require stronger conditions on the initial values and the individual



effects as compared to (7). The first-difference GMM approach considered by Arellano and Bond
(1991) assumes

E (yisAuy) =0, for i =1,2,...,n,s =0,1,2,....t — 2, and t = 2,3, ..., T, (8)

which imply (7) but are not required for the moment conditions in (7) to hold. It is clear that
the estimator based on (8) will depend on the distributional assumptions regarding the individual
effects, whereas an estimator based on (7) need not depend on the distributional assumptions
regarding the individual effects.’

In addition to (8), the system GMM approach considered by Arellano and Bover (1995) and
Blundell and Bond (1998) also requires that®

EAyit—1 (i +ui)] =0, fori=1,2,...,n; and t =2,3,...,T. (9)

These additional restrictions impose further requirements on the errors and the initial values. To

see this, first note that iterating (3) from ¢ = 1 and using (4) we have

m;—1

t—2
Ayir =01 [bitun = (1=¢) > w0 + > ¢ Auiys. (10)
=0 =0

Since for all 4, u;’s are assumed to be serially uncorrelated, then condition (9) is met if

m;—1 t—3
¢ 2B [bi (o + ua)] + ¢ 7E (uinew) + (¢ — 1) ¢ Y ¢'F (qiws ) + > ¢'E (ihuig_g—1) =0,
=0 =0

fori=1,2,...,n; and t = 2,3,...,T. In the case where m; — oo, the first term vanishes and the
moment conditions (9) will be satisfied if E (ujz;) = 0, for all ¢ and ¢t < T — 1. If m, is finite it is

further required that E [b; (a; + wi)] = 0, unless ¢ = 0. Now using (5) and noting that |¢| < 1, we

®Suppose that |¢| < 1, and consider the case where m; is finite, namely, 0 < m; < K, and consider the following
initial values i, —m, = p; + vi, where E (v;) = 0, and E (viAui) = 0, for ¢ = 1,2,...,n, and ¢t = 3,4,...,T. v;
measures the extent to which the initial values y;,—m, deviate from the long-run means, p;. Under this specification
of initial values, Ay;, for ¢ = 0,1,...,7 and all ¢ does not depend on p,;, and estimator based on (7) will not depend
on the distributional assumptions about p,.

5The complete set of moment conditions is E [Ays (i +ui)] = 0, for i = 1,2,...,n, s = 1,2,...,t — 1, and
t=2,3,...,T. The set of conditions in (9) contains the 7" — 2 moment conditions in the system GMM approach that
are not redundant.



have’

Ebi (o +ui)] = —¢™ (1= ¢) E[(Yi,—m, — #;) (0 + wit)]

= 9" (1= @) E(yi—m; — ;) ]
Therefore, when m, is finite for the moment conditions (9) to hold it is also required that
E [p; (Yi—m; — )] =0, for i =1,2,...,n. (11)

This condition requires that for each ¢, individual effects are uncorrelated with the deviations of
initial values from their equilibrium values (long-run means p;). These restrictions might not hold
in practice. For example, condition (11) is violated if some processes start from zero (y; —m, = 0),
but the individual effects differ from zero (u; # 0).

It is true that by imposing additional conditions on individual effects and starting values it
might be possible to obtain a more efficient estimator of ¢. However, it is also desirable to seek
estimators of ¢ that are consistent under reasonably robust set of assumptions on starting values,
individual effects, and error variances. Seen from this perspective, Assumption 3 is more general
than the moment conditions assumed in the existing GMM literature.

When comparing GMM estimators, it is also worth noting from (10) that if |¢| < 1 and {y;:}
are initialized in a distant past (with m; — o), then Ay;; will no longer depend on «; and renders
the BMM and Anderson-Hsiao estimators invariant to the individual effects. However, this is not
the case for the GMM estimators that make use of lagged values of y;; in construction of their
moment conditions. As a result, the performance of such GMM estimators can be affected by the
ratio ;" Var (a;) / D7 Var (ui). See Blundell and Bond (1998) and Binder et al. (2005) for

further discussions.

3 BMM estimation of short-7" AR(1) panels

Following the GMM approach we consider the first-differenced version of the panel AR model (3),
but instead of using instruments for Ay;; 1 that are uncorrelated with the error terms, Aw;,

we propose a self-instrumenting procedure whereby Ay; ;1 is ‘instrumented’ for itself, but the

"Note that by assumption F (uite;) = 0 = E (wityi,—m, ), for t = 2,3, ....



population bias due to the non-zero correlation between Ay; ;1 and Au; is corrected accordingly.
The advantage of using Ay; ;—1 as an instrument lies in the fact that by construction it has maximum
correlation with the target variable (itself), so long as we are able to correct for the bias that arises
due to Cov (Ayi -1, Auir) # 0. To summarize, GMM searches for instruments that are uncorrelated
with the errors but are sufficiently correlated with the target variables. Instead, we propose using
the target variables as instruments but correct the moment conditions for the non-zero correlations
between the errors and the instruments. Both approaches employ method of moments, but differ
in the way the moments are constructed.

Using Ay;;—1 as an instrument, we obtain under Assumptions 2 and 3,
E (AugAyiz—1) + 07y =0, fori=1,2,...n, and t =2,3,...,T — L. (12)

To solve for U?t, we note that F (Auit)2 = O'?J_l + a?t and E (Au;t41AYyi) = —a?t. Hence, a%t_l =

E (Auit)2 + E (Au;41Ay4t), and we obtain the following quadratic moment (QM) condition,
E (AuyAy; 1) + B (Auy)® + E (Auig41Ay3) = 0, (13)

fori=1,2,....,n,and t = 2,3,...,T — 1. It is useful to note that the solution 01,2,15—1 =F (Auit)2 +
E (Au;t+1Ayi) depends on the set of assumptions considered, and different solutions could be
obtained under different (stricter) conditions. In this paper, we focus on the general set of conditions
summarized by Assumptions 2 and 3, although other conditions can be obtained if one is prepared
to make stronger assumptions such as a?t = a%t_l = 012. Another possibility is to assume covariance
stationarity of w;;, which will lead to a linear moment condition solution, discussed in Remark 5
below.?

Initially, we use the QM condition (13) alone to obtain an estimator of ¢. We propose averaging
(13) over 4 and ¢, which will deliver a simple exactly identified moment estimator. In Section 4, we
consider optimally weighting the moment conditions in (13), and augmenting them with Anderson-

Hsiao type moment conditions.

Averaging moment condition (13) over ¢, and substituting (3) for Au; and Aw; 41, we obtain

E M7 (¢)] =0, fori=1,2,...,n, (14)

8 Covariance stationarity requires strong restrictions on the initialization of the dynamic processes, in addition to
time-invariant error variances.



where

T—1
1
Mir (¢) = T [(Ayit — 0AYi1-1) Ayii—1 + (Ayir — dAYi-1)" + (Ayigs1 — OAYir) Ayar | -
=2
(15)
The BMM estimator is then given by
~ _ . Mn 1
dnr = argmin | Mur (9)]], (16)
where ||.|| denotes the Euclidean norm, © C (—1,1] is a compact set for the admissible values of ¢
defined by Assumption 1, and
_ 1 &
M, = — M; . 1
7 (9) nZ; 7 (9) (17)

To derive the asymptotic properties of éﬁnT, let ¢ denote the true value of ¢, assumed to lie

inside ©, and note that under ¢ = ¢, (3) yields Ayir = ¢gAy;+—1 + Auge, and (15) can be written

as
_— [Auit — (¢ — ¢g) AYit—1] Ayir—1
1
Mir (6) = 75D +[Bui — (¢ — o) Ayis1)?
=2
+ [Au; 1 — (¢ — @) Ayie] Ayir
= N+ Vir, (18)
where
T-1
Vir = % (AuyAyig—1 + AuZ, + Augyi1Ayy) (19)
T—-2 pur

and Ayr = (¢ — ¢0)* Qir — (¢ — o) (Qir + Q7 + 2Hyr), in which

1 =t T, 1 =t
Qir = T _9 Z Ayz?,t—la TT ~T_9 Z A?/?ta and Hip = T_92 Z AuitAyi 1. (20)
t=2 t=2 t=2

We have one unknown parameter ¢ and one moment condition (14). Suppose there exists gEbnT such

that M, <qA§nT> = 0. Then (18) evaluated at ¢ = ¢, 1 yields

(Bur = ¢0) [(bur = 60) @ur = Bur| = ~Var, (21)



where Vor = n 1 Y0 Vir, Qur =n"1310 Qir, and

n

Bur =" (Qur + Qfy + 2Hir) (22
i=1

Using results (A.4)-(A.5) of Lemma A.l in the appendix, under Assumptions 1-3, we have (for a
fixed T')

Qur=F (QnT) + O, (n_1/2> ,and B,y = FE (BnT) + 0, (n_l/Z) , (23)

where

QnT Z E QZT (24)

In addition, using result (A.6) of Lemma A.2 in the appendix, we have
Var = 0 (n74/2). (25)

We now use (21) to show that there exists a unique y/n-consistent estimator of ¢. Suppose that
énT is a y/n-consistent estimator of ¢. Then we establish that such an estimator is in fact unique.

Using (21), we have

. 2 _ .

Vi (dur = @) Qur =V (S — ¢0) Bur = —VnVur. (26)
. 2 _

But, if there exists a /n-consistent estimator, then /n ((bnT — qﬁ()) Qnr = O)p (nfl/ 2), and hence

Burv/n (b = 60) = v/iVr + Oy (n712). (27)
Also, using (23) the above can be written as

E (Bur) Vit ($ur — 60) = vVitVur + 0, (n71/2)..

where by (25), /nV,r = O, (1). If

n—~oo

10



it then follows that the /n-consistent estimator, &nT, must be unique. It also follows that
vn (&nT - %) ~ Br'nVr.

Finally, using result (A.7) of Lemma A.2 in the appendix, we have v/nV,r —4 N (0,S7), where
Sr = limp—eon ' Y0 E(V2), and it follows that /n (gAbnT — ¢0) —q N (0,27) with ¢ =
B*Sr.

The key condition for the existence of a /n-consistent estimator of ¢ is given by By # 0. But

using (20) in (22) we have By = lim,, ,oon ™! >, Bir, where
Bir = Y (Ay?_ 1+ AyZ + 28u Ay q) . (29)

It is now easily seen that condition By # 0 is satisfied when Ay, is a stationary process (for

m; — 00, 0yt = 02 and |¢| < 1). In this case we have

5 o (1=9\ o
BT—2(1+¢>O' > 0,

where 6% = limy, .o n ™'Y 1 ; 02. In the non-stationary case (with m finite) Br # 0 even if ¢ = 1
so long as oy is sufficiently variable over the observed sample. As a simple example consider the

case where T' = 3, and note that (see Section A.1 of the Appendix)

By=065-61+(1—9)°67 + (1+¢%) (1 — ¢) b, (30)

where 67 = limy, 0o 1 > 1| 02, and

1 1
Yo =(1-9¢) lim ~ > E(yio —m)* =2 lim - > Efui (gio — )] (31)
=1 =1

If $ = 1, then B3 = 53 — 43, and B3 # 0, if and only if 62 # 3. When |¢| < 1, B3 # 0 even if

Qi

2 = &2, except for when (1 — ¢) (1 + ¢?) 1y = ¢(2 — )57 — 53. Therefore, time variations in the
average error variances, o, can help identification under the BMM quadratic moment condition,
particularly if ¢ is close to unity.

The following theorem summarizes the main results established above.
Theorem 1 Suppose y;z, fori=1,2,....,n, andt = —m;+1,—m;+2,...,1,2, ..., T, are generated by

11



(1) with starting values y; —m,, and the true value of the parameter of interest ¢y. Let Assumptions
1-8 hold, and suppose By # 0 and n~" S E (VfT) — St > 0, where By is given by (28) and Vi
is defined in (19). Consider the BMM estimator ¢, given by (16). Let T be fixed and n — cc.

Then, the unique \/n-consistent estimator <AbnT satisfies

Vn <<}5nT - d’o) —a N (0, ET) ,

where

Yr = B:2Sr. (32)

Remark 4 When By =0, from (21) we have,

(é%T - ¢0)2 Qur = Var + (&nT - ¢50) Op (”_1/2) ) (33)

1/4_consistent estimator Op-

and, given that Q.7 — Qr > 0 as n — o0, there exists a unique n
As noted earlier a leading case when Br = 0, is the unit root case (¢ = 1) under error variance

homogeneity over t.

The variance term in (32), X7, can be estimated consistently by

~ ~=2 (1 L
Yt = BnT (TL Z VYZ'?nT) ) (34)

i=1

where

Bur = 1 Z (QiT + Qi + 2ﬁi7nT> ; (35)

=1

3

ﬁmT = (T - 2)_1 ZtT:_zl AluAy; -1, Aty = Ay — gESnTAyi,t,l, (At depends on n and T, but

we omit subscripts n, T to simplify the notations), and

~

-1
Vinr = —7—5 (A Ayig—1 + AGZ, + Aty g1 Aysy) - (36)

~+
||
[V

Consistency of 3,7 is established in Proposition 1 in the appendix.

Remark 5 In the case of covariance stationary panels (|¢| < 1 and m; — o0), we have Ay; =
Yo ¢ A y_o, where E (u?) = o7 and therefore E (Ay2) = 207/ (1 + ¢) is time-invariant. Under

these restrictions o2 = (1 + ¢) E (Aygtq) /2, E(AuuAy; 1) = E (Auj41Ay3), and using (12)

S
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the quadratic moment condition, (13), simplifies to the following linear moment condition:
1
E(AyiAyii—1) + B (1-¢)FE (Ayiz,t71) =0,

which yields the associated BMM estimator

. > i ZtT:2 (2AyitAyi,t71 + Ayzt_l) (37)
Z?:l 23:2 Ayzz,t—l .

n

Note that in this case ¢ is identified even when T = 2. Interestingly enough, the above linear
BMM estimator is identical to the first-difference least square (FDLS) estimator proposed by Han
and Phillips (2010).° As discussed by Han and Phillips (2010), &, given by (37) has standard
Gaussian asymptotics for all values of ¢ € (—1,1] and does not suffer from the weak instrument
problem. Hence the BMM estimator reduces to FDLS estimator under covariance stationarity.
However, when T is fized the covariance stationarity assumption is rather restrictive for most
empirical applications in economics, where typically not much is known about the initialization
of the dynamic processes over i, and it is not possible to rule out the heteroskedasticity of error

variances over t.

4 Augmented Anderson Hsiao (AAH) estimator

The BMM estimator above is useful for illustrative purposes, but it is not asymptotically efficient
partly due to averaging of moment conditions over ¢, and more importantly due to not exploring
additional readily available moment conditions that hold under the same set of assumptions. As
noted above, amongst the moment conditions proposed in the literature, only the ones proposed by
AH are sufficiently general, and accordingly, we propose to augment the 7' — 2 QM condition (13)
with the (T'—2) (T'— 1) /2 AH moment conditions (7). These provide (T'—2) (T —1)/2+ T — 2
AAH moment conditions in total. As usual, we can obtain first, second and cumulative updating

GMM estimators based on these quadratic-linear moment conditions.

Remark 6 It is clear that conditions (7) and (13) do not imply conditions (8) and/or (9) since
(7) and (13) rely only on first differences, whereas (8) and (9) also rely on levels. Hence, it is

possible that (7) and (18) can hold whilst (8) and/or (9) might not hold. An example of this case

9We are grateful to Kazuhiko Hayakawa for drawing our attention to this fact.
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18 discussed and explored in Monte Carlo section below.

The set of AAH moment conditions (7) and (13) is a subset of the conditions listed in Ahn and
Schmidt (1995, 1997), who explored a complete set of moments conditions under stronger set of
assumptions than are necessary for AAH alone, see their Assumptions SA1-SA3. Sufficient set of

assumptions that give rise to AAH are the following ‘basic’ assumptions:

(BA1) For all 4, the u;; are mutually uncorrelated.

(BA2) E [(yio — p;) Auie] =0 for all ¢ and t = 2,3, ..., T,

where pu; = «;/ (1 — ¢) is the long-run mean. Assumption BA1 on its own has been considered as
Case H of Ahn and Schmidt (1997), which implies 7' (7" — 3) /3 moment conditions. Assumption
BA2 is implied by assumptions SA1-SA2 of Ahn and Schmidt (1995), but not vice versa. The full
set of moment conditions based on BA1 and BA2 is the union of AH moment conditions given
by (7) and QM moment conditions given by (13). Derivation of the asymptotic distribution and
conducting inference requires additional standard high-level regularity conditions routinely used in
the GMM literature.!”

It is of interest to consider the efficiency loss that arises when using AAH moment conditions,
whilst in fact the more restrictive system GMM conditions (8)-(9) hold. To shed light on this,
we report the ratios of asymptotic variances of the AH, first-difference GMM and system GMM
estimators, all relative to that of the AAH estimator. We illustrate the asymptotic efficiency
gains and losses in Table 1 in the same way as in Ahn and Schmidt (1995). We are interested
in two questions: (i) How much is gained by adding QM conditions to AH, and (i) how much
is lost by not utilizing the additional moment conditions assuming that the DGP satisfies all of
the restrictions in (8) and (9). Following Ahn and Schmidt (1995), we tabulate the asymptotic
variance ratios for the stationary homoskedastic case for different values of ¢, and different ratios
of £ (oz?) /E (uft) =02 /02, for all i and t. The results, computed by simulations, are summarized
in Table 1.

As can be seen from Table 1, augmenting AH moment conditions with the quadratic moment

conditions (13) results in substantial efficiency gains for all values of ¢, 02 /02 and the three choices

0T hese are listed, for example, in Pesaran (2015). In particular, assumptions for consistency are given by Assump-
tions A1 and A2 in Chapter 10 of Pesaran (2015) and the additional assumptions for asymptotic normality are given
by Assumptions A3-Ab of the same chapter. See also Assumptions 1-3 for a set of low-level assumptions required for
consistency and asymptotic normality.
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of T'= 3,6 and 10, being considered. The efficiency gains are particularly pronounced for values
of ¢ close to unity. Also as to be expected the two estimators perform equally well for all values
of 02 /02 since both use first-differences as instruments and hence are not affected by o2. The

efficiency gain of AAH over AH reduces somewhat when T is increased.

Table 1: Asymptotic efficiency of AH, AB and BB estimators relative to the AAH

estimator under stationarity

var (AH) /var (AAH) var (AB) Jvar (AAH) var (BB) /var (AAH)
oa/os oa/ou 040
1) 0.5 1 4 0.5 1 4 0.5 1 4
T=3
-0.9 1.5 1.5 1.5 1.0 1.0 1.1 0.9 1.0 1.0
-0.8 1.7 1.7 1.7 1.0 1.1 1.2 0.9 1.0 1.0
-0.5 2.3 2.3 2.3 1.1 1.2 1.6 0.9 0.9 1.0
-0.3 2.9 2.9 2.9 1.2 1.3 1.9 0.9 0.9 1.0
0 4.0 4.0 4.0 1.2 1.5 2.4 0.8 0.9 0.9
0.3 5.3 5.3 5.3 1.2 1.7 3.0 0.6 0.7 0.9
0.5 6.4 6.4 6.4 1.2 1.7 3.4 0.4 0.5 0.7
0.8 8.2 8.2 8.2 1.2 1.7 4.1 0.1 0.1 0.3
0.9 9.2 9.2 9.2 1.9 2.6 3.8 0.05 0.05 0.06
T =
-0.9 1.3 1.3 1.3 1.0 1.0 1.1 1.0 1.0 1.0
-0.8 1.3 1.3 1.3 1.1 1.1 1.1 1.0 1.0 1.0
-0.5 1.6 1.6 1.6 1.2 1.2 1.4 1.0 1.0 1.0
-0.3 1.8 1.8 1.8 1.3 1.4 1.6 1.0 1.0 1.0
0 2.2 2.2 2.2 1.5 1.6 2.0 1.0 1.0 1.0
0.3 3.0 3.0 3.0 1.7 2.0 2.6 0.9 1.0 1.0
0.5 3.9 3.9 3.9 2.0 2.4 3.3 0.9 0.9 1.0
0.8 6.1 6.1 6.1 2.5 3.5 5.1 0.5 0.6 0.8
0.9 7.6 7.6 7.6 2.5 4.0 6.3 0.2 0.3 0.5
T=10
-0.9 1.2 1.2 1.2 1.0 1.0 1.1 1.0 1.0 1.0
-0.8 1.2 1.2 1.2 1.1 1.1 1.1 1.0 1.0 1.0
-0.5 1.3 1.3 1.3 1.1 1.2 1.2 1.0 1.0 1.0
-0.3 1.5 1.5 1.5 1.2 1.3 1.4 1.0 1.0 1.0
0 1.7 1.7 1.7 1.4 1.5 1.6 1.0 1.0 1.0
0.3 2.2 2.2 2.2 1.6 1.8 2.0 1.0 1.0 1.0
0.5 2.7 2.7 2.7 1.9 2.2 2.5 1.0 1.0 1.0
0.8 4.8 4.8 4.8 2.9 3.6 4.3 0.8 0.9 0.9
0.9 6.5 6.5 6.5 3.6 4.6 5.8 0.5 0.6 0.8

Notes: This table reports ratios of asymptotic variance of the Anderson and Hsiao (AH), Arellano and Bond (AB)

and Blundell and Bond (BB) estimators relative to the asymptotic variance of the augmented AH (AAH) estimator

in a stationary design with E (a?) =02 and E (uft) = 02, and for different values of the AR coefficient, ¢.

Asymptotic variances are computed by simulations.

Turning now to the second issue, namely efficiency loss of AAH relative to AB and BB esti-

mators, we first note that interestingly enough, the expected efficiency gain of AB over AAH does
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not materialize and AAH is in fact generally more efficient than the AB estimator, with efficiency
gain of AAH increasing substantially as larger values of ¢ and 02 /02 are considered. Increasing
T does not seem to have much effect on the relative efficiency of the AB estimator. The results
in Table 1 also confirm the sensitivity of the AB estimator to the ratio, 02 /o2. In contrast, the
BB estimator performs favorably relative to the AAH estimator (and by implication relative to the
AB estimator) particularly, for values of ¢ close to unity. However, this efficiency gain is achieved
assuming that E [u; (Yi,—m; — ;)] = 0, for ¢ = 1,2,...,n, which might not hold in practice. (see
(11) and the related discussions). The cost of using BB estimator is inconsistency if condition (11)
is not met. Further evidence on this is provided in the Monte Carlo section.

The above simulations suggest that AAH estimator cannot be more efficient than BB estimator
when all BB moment conditions are met. This can be seen formally by investigating more closely

the relation between the BB condition (9) and the QM moment condition (12), or equivalently

(13). Substituting uy = Aui + o + ui—1 in (9) we have
E[Ay; 1 (a; + ui)] = E(Ayi—1Aui) + E Ay -1 (06 + uig—1)],
and since Ay; ;1 = ¢AY; —2 + Au;y—1, then

E[Ay;i—1 (i + uir)] = E (Ayii—1Aui)+0E [Ay; -2 (i + wip—1)]+E (Auip—104)+E (A g1 4—1) -
(38)

But under BB moment conditions E (Au;;—1a;) = 0, as well as
E[Ayii—2 (@i +uig-1)] = 0. (39)
Using these results in (38) we now have

E Ayt (a; +uir)] = E(Ayip—1Aui) + E (Aui—1u;—1)

= E(Ayig—10uiy) + 07, 1 =0,

which is the same as the QM condition given by (12). Namely, the QM condition is implied by
the BB moment conditions and not wvice versa, and hence under BB conditions the AAH estimator

cannot be more efficient than the BB estimator. Note that (39) is the same as (9) and it is satisfied
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if E(Aujt—104) = 0 and E'[p; (Yi—m, — i;)] = 0, as discussed in Section 2. However, when the
BB conditions (8) and/or (9) are not met the BB estimator becomes inconsistent contrary to the
AAH estimator that continues to be consistent. Therefore, the main two conditions underlying
the Hausman test (Hausman, 1978) are met and the validity of BB moment conditions can be
tested using the Hausman procedure. Denoting the AAH and BB estimators by éﬁi‘;«h and (AﬁZbT,

respectively, the Hausman test statistic is defined by
~aah  ~bb \2 [—~ (~aah — /bbb \171L
Hn = <¢nT - ¢nT> [Var (¢nT ) —Var <¢nT):| ) (40)

_—— /~aah —— /~bb — /~aah —— /~bb

assuming that Var <¢Z§") — Var <q§nT> > 0, where Var (gbzlrfp) and Var <¢HT> are consistent
~aah ~bb

estimators of the asymptotic variances of gbzc} , and ¢,,7, respectively. Under the null hypothesis

that the BB conditions are met, H, is asymptotically distributed as x2 (1), for a fixed 7" and as

n — oQ.

5 Extensions

There are two important extensions of model (1). The first extension is to allow for additional

regressors. Let x;; be k — 1 additional regressors, and consider the ARX model
Yit = oG + QYip—1 + B'xip +uy, for i = 1,2, ...n, t=1,2,...,T. (41)

The regressors in x;; can be strictly or weakly exogenous. AAH moment conditions (7) and (13)
can be augmented by the standard orthogonality for the regressors x;;, as is standard in the GMM
literature. This paper does not have anything new to add regarding instrumenting the regressors

Xit-

Remark 7 When x;; are weakly exogenous and the objective of the analysis is impulse-response
analysis or forecasting, then one could employ a panel VAR model in zy = (yit,x};)", which we
consider below. It is also possible to derive the conditional model (41) from the joint distribution of
yit and X;:. In cases where the joint distribution is given by a VAR model, then the conditional model
(41) can be obtained only under very restrictive conditions derived in the Appendixz. Specifically,
0;; = Q;zl,z‘thyﬁ must be time invariant, where wWyy it = F (UgitUyit), Q;;Z-t =F (ux,itu;,it»

/
and w; = (uyﬁ, u), it) are the idiosyncratic innovations in the panel VAR representation of z;; =
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(Yit Xét)/~
The second extension we consider is a panel VAR model in the k£ x 1 vector of variables z;; =

(Yit X;t)/a
Zit = o + Pz 41 + 1wy, (42)

for t =0,1,2,...,7, and ¢ = 1,2,...,n, with the initial values given by z; o, where o; is a k x 1
vector of individual effects, ® is a k x k matrix of slope coefficients, and w;; = (w1, wit, ---, uikt)' is
a k x 1 vector of idiosyncratic errors. Similarly, to the univariate case, the set of linear AH moment

conditions is given by:
E (AzigAujy) = Oy, for i =1,2,..,n, s =1,2,...,t — 2, and t = 3,4, ..., T, (43)
and the QM moment conditions are given by:

E (AuyAzi, ) +E [AugAuy] +E (Aug i 1A2);) = Opyp, for i =1,2,...,n, and t = 2,3,...,T—1.
(44)
AAH estimation of the panel VAR model can proceed based on (43) and (44), which replace (7)

and (13), respectively.

6 Problem of proliferation of moment conditions

As it is well known, the number of moment conditions that underlie any of the GMM based
estimation techniques discussed above (AH, AAH, AB, or BB) grow at the quadratic rate in 7.
Consequently, the number of moments can get quite large even for moderate values of T. Under
their respective set of assumptions, these are all valid moments and their relevance (strength) varies,
some of which could be weakly identifying. Unless the number of cross-section dimension, n, is
sufficiently large, as compared to the number of moment conditions, h = h (T), the proliferation of
moments will have negative consequences for estimation and inference in finite samples. See, for
instance, Anderson and Sorenson (1996), Clark (1996), and Hansen, Heaton, and Yaron (1996).
The many moment problem often occurs together with the weak moment problem, but they are not
necessarily the same. Han and Phillips (2006) provide a number of asymptotic theoretical results
for GMM estimation that allow for the number of moments to increase with sample size, whilst

moment conditions may only be weakly identifying, encompassing earlier contributions by Bekker
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(1994), Staiger and Stock (1997), Stock and Wright (2000), and Chao and Swanson (2003), among
others. GMM estimators utilizing many weak moment conditions may not be consistent and the
rate of convergence could depend not only on the sample size, but also on the number and quality
of the moment conditions.

Hsiao and Zhang (2015) show that the AB estimator is asymptotically biased if T//n — ¢, for
some 0 < ¢ < o0, as n, T — oo. This bias can be reduced using jackknife instrumental variables
estimation (JIVE), which has been considered in a general GMM framework by Angrist, Imbens,
and Krueger (1999), Chao, Swanson, Hausman, Newey, and Woutersen (2012), Hansen and Kozbur
(2014), Lee, Moon, and Zhou (2017), Phillips and Hale (1977) and Zhang and Zhou (2020).!!
Koenker and Machado (1999) and Donald, Imbens, and Newey (2003) consider GMM estimation
under a large number of strong moments, and provide conditions on the number of moments that
permits the usual asymptotic theory and inference. In particular, Koenker and Machado (1999)
show h?/n — 0 is sufficient for validity of conventional GMM asymptotic inference.

There are two approaches to dealing with a large number of valid moments. One is to use them
all, but combine them in such a way that allows for the number of moments to be large relative to the
sample size so that consistency and valid inference are achieved. The second approach is to select
and use only a subset of available moments. Contributions to this strand of the literature includes
Donald and Newey (2001), Kuersteiner (2002), Hall and Peixe (2003), Inoue (2006), Hall, Inoue,
Jana, and Shin (2007), and Donald, Imbens, and Newey (2009).!? In what follows we propose a new
sub-set selection procedure by adapting the One Covariate at the time Multiple Testing (OCMT)
recently developed by Chudik, Kapetanios, and Pesaran (2018) for variable selection to the problem

of moment selection in the case of the AAH estimator.

6.1 Moment selection using OCMT approach

In the case of AH moments listed in (7), there are ¢ — 2instruments for Ay; 1, for t = 3,4,...,T.

We collect them in the set S;1—2 = {Ay; 1, Ayi2, ..., Ay;+—2}. In general, it is not possible to derive

""Monte Carlo findings reported in Zhang and Zhou (2020) suggest very good size performance of JIVE corrected
AB GMM estimator. However, the size reported in Zhang and Zhou (2020) is computed using standard deviation of
the estimated slope coefficients across Monte Carlo replications, as opposed to conducting the empirically relevant
tests, where standard deviation of slope coefficients is estimated for each replication. Hence the findings in Zhang
and Zhou (2020) are not indicative of inference that can be conducted in empirical applications.

2In addition to the literature on selecting relevant moment from a set valid moments, there is a vast literature on
moment validity, and the selection of valid moments, including Andrews (1999), Andrews and Lu (2001), Chatelain
(2007), and Liao (2013). A problem of selecting valid as well as relevant moments has been consideed by Cheng and
Liao (2015).

19



analytical expressions for the correlation of the target variable Ay;;—1 and individual instruments
in S;;—2 in the case where the underlying dynamic processes are initialized from finite pasts, and
little is known about the data generating processes for the initial values. It is, nevertheless, possible
to show that corr (Ay;s—1, Ayi¢—¢) declines in ¢ at an exponential rate in the case of stationary

initial values. This is illustrated in the following example.
Example 1 Let yiy = a; + ¢yir—1 + uig, fort =...,—1,0,1,....,T and i = 1,2,...,n, where |¢p| < 1.
Then yix = p; + Y720 ¢ uie—e, and

o0
Ayir = wis+ Y 0" (= Duiss,
=1

where p; = a;/ (1 — ¢). Provided E (uyuy) = 0 for t #t' and E (u3) is bounded, it follows that

|corr (Ayie—1, Ayie—o)| < Kol

Hence it could be the case that some of the ¢ — 2 instruments in S;;_o are rather weak and
consequently not very useful in improving the asymptotic variance of the resulting GMM estimator.
Our suggestion is, for each t = 4,5, ...,7T, to apply OCMT method to select the relevant instruments
from the set S;;—2. It is desirable to always include Ay;;—o, which is likely to have the largest
correlation with the target variable Ay;;_1, as a conditioning (or pre-selected) variable in the

OCMT procedure, as described below.
OCMT algorithm for selecting AH instruments for a given ¢ (=4,5,...,7T)
1. Estimate the (¢ — 1) individual first stage regressions

Ayi,tfl =ay+ BﬂAyi,t72 + eﬁAyi,Za for { =1 — 37 t— 47 ey 1 (45)

by least squares and compute the associated t-ratios for the coefficients 6, in the above
regression, denoted as tég(s) = ég/s.e. <@4> for stage s = 1. The first stage OCMT selection

indicator is given by

o) = I(ltg, )| > ep (t = 1,0)], for £=1,2,....,t =2, (46)
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where ¢,(t, ) is a critical value function defined by

¢y (t,6) = &1 <1 - %) , (47)

®~1(.) is the inverse of standard normal distribution function, 0 < p < 1, and § > 0.
Following Chudik, Kapetanios, and Pesaran (2018), we set p = 0.05 and § = 1 in the first
stage, while another value, 6* = 2, is used in subsequent stages of OCMT described below.
Variables with ji,(l) = 1 are selected as instruments in the first stage. If no variables are

selected in the first stage, then OCMT procedure stops. Otherwise, increase s by one.

2. The next stage (s > 1) is computed by regressing Ay;;—1 on a constant, Ay, o, all instru-
ments selected from the previous stages, and, one-at-time, the remaining instruments not yet
selected. Let téz,(s) denote the corresponding t-ratio of the instruments considered for selec-
tion in the stage s > 1. Then the instruments are added to the selected set if the indicator
Togs) = 11

OCMT procedure stops. Otherwise s is increased by one.

tée(-)’ > ¢p(t —1,0%)] is one. If no instruments are selected in stage s, then the

3. Step 2 is repeated until no further instruments are selected.
The outcome of this data-dependent selection of moments is anT selected AH moments, T —2 <

by < (T —2) (T —1) /2.3

7 Monte Carlo Evidence

We now provide some evidence on the small sample performance of the AAH estimator as compared
to AH, and the two popular AB and BB estimators (also known as first-difference and the system
GMM estimators). In addition, we also investigate the small sample performance of the AAH
estimator using the subset of AAH moments selected by the OCMT procedure.

7.1 Data generating process (DGP)

The dependent variable is generated as

Yit = Q; + QYit—1 + Uit, (48)

13This idea can be applied to the any of the GMM estimators considered in this paper. Our focus is on the AAH
estimator.
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fori=1,2,...,n,and t =1,2,...,T. We consider ¢ = 0.4,0.6,0.8,0.9 and report results for ¢ = 0.4

and 0.8 in the body of the paper.'* Individual effects are generated as

T
;=Y plui +m, w ~ IIDN (1,1). (49)
t=1

We consider two values for p = 0 or 0.8. When p # 0 then the individual effects are correlated
with errors u;;, and AB and BB restrictions implicit in (8)-(9), respectively, are not satisfied. The

processes are initialized as
Yi0 = i + K7 +vi, v; ~ IIDN (0,1), (50)

where p; = a;/ (1 — ¢). We consider two values for k = 0 or 1. When « # 0 the individual effects
are correlated with the deviations of initial values from their long-run means p,;, and BB restrictions
implicit in (9) are not satisfied. But setting x # 0 on its own does not invalidate the AB restrictions
implicit in (8).

Restriction k = 0 rules out any systematic deviations of initial values from their long-run means.
It is less likely to hold in empirical applications, where individual dynamic processes over ¢ might
have been initialized from a recent past and possibly from non-stationary initial value distributions.
In contrast, the restriction p = 0 appears much less restrictive, since it would be satisfied whenever
fixed effects are uncorrelated with innovations.

The idiosyncratic errors, u;, are generated as non-Gaussian processes with heteroskedastic
error variances, namely u;; = (e — 2) 04,/2 for t < [T/2], and u; = (e — 2) o4p/2 for t > [T'/2],
with o2, ~ IIDU (0.25,0.75), 0% ~ IIDU (1,2), and e;; ~ I1Dx?(2), where [T'/2] is the integer
part of T'/2. J%a and U?b are generated independently of e;. This ensures that the errors have
zero means, and are conditionally heteroskedastic, in particular, V (u;| 0ia) = o2, for t < [T/2],
and V (uy|op) = o3 for t > [T/2]. We consider comprehensive choices of sample sizes T =
3,4,5,6,8,10,12,14,16,18,20 and n = 100, 200, 500, 1000, 2000, 4000, 8000. Findings for selected
sample choices are reported below, whilst the full set of results is available from authors upon
request. 2000 replications were carried out for each experiment.

Besides the parameter of interest ¢, the key parameters of the MC design are x and p. AH

and AAH estimators are valid for all values of x and p. AB estimators require p = 0, and the

Y Pindings for the remaining values of ¢ are available from authors upon request.
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BB estimator requires p = 0 and x = 0. Consequently, we consider the following three sets
of experiments, based on values of p and k: (i) experiments with p = 0 and x = 0 labeled as
experiments where both AB and BB restrictions are met; (47) experiments with p = 0 and k # 0
labeled as experiments where BB restrictions are not met whilst AB restrictions are met, and (i)
experiments with p # 0 and k # 0 labeled as experiments where neither AB nor BB restrictions

are met.

7.2 Estimation methods

We consider 2-step GMM estimators based on the AH moment conditions given by (7), AAH
moment conditions given by (7) and (13), Arellano and Bond’s first-difference moment conditions
given by (8), and the Arellano and Bover’s and Blundell and Bond’s system moment conditions given
by (8)-(9).!> These estimators are labeled below as AH, AAH, AB, and BB, respectively. Inference
is conducted using the conventional standard errors. In addition to two-step GMM estimator based
on AAH moments, we also consider using OCMT to select relevant AAH moments, as discussed
in Subsection 6.1, denoted as AAH-O. In particular, our AAH-O estimator is based on the union
of T — 2 quadratic moments in (13) and h,r selected subset of AH moments using the OCMT
procedure described in Subsection 6.1, noting that T — 2 < h,p < (T — 2) (T'— 1) /2, the number

of moments for the AAH-O estimator lies between 2 (7' —2) and (T'—2) (T'—1) /24+ T — 2.

7.3 Monte Carlo findings
7.3.1 Comparison of AH and AAH estimators

We first focus on the comparison of AH and AAH estimators in experiments where both AB and
BB restrictions are met (p = 0 & x = 0).1 Results for bias and RMSE (both x100) of estimating
¢ are reported in Table 2, and size and power of the tests at the 5% nominal level are reported
in Table 3 and Figure 1. Table 2 shows very large RMSE values for the AH estimator, especially
when 7' = 3. Once the set of AH moment conditions (7) is augmented by the quadratic moment
conditions in (13), we see a substantial drop in the reported RMSE values. The small sample

improvements in RMSE are more than 10 fold for T' = 3, and about four to five-fold for T' = 4, 5,

15We found that cumulative updating (CU) estimators exhibit often worse performance than the 2-step estimators
in our experiments. A comaprison of two-step and CU estimators is available in an earlier version of this paper,
Chudik and Pesaran (2017).

Y6 Findings for the relative performance of AH and AAH estimators are similar for other experiments, available
from authors upon request.
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and smaller but still substantial for larger values of T, all regardless of n. The relative RMSE
differences are somewhat more pronounced when ¢ = 0.8, as compared to the ones obtained for
¢ = 0.4. Compared to the AH estimator, the AAH estimator is less biased in almost all reported
cases, and has a smaller RMSE even for T" = 14. This suggests that correcting for bias will be
unimportant for the reported sample choices.

In line with the bias and RMSE findings, we see in Table 3 that there are substantial gains in
power from the augmentation of the AH moments with the new quadratic moment conditions in
(13). These differences can be seen more clearly in Figure 1, shown for the sample combinations,
n = 1000, T' = 4 and 6. The empirical power functions of the AAH estimator are rather flat when
¢ = 0.8, and T = 4. As to be expected, the results for the AH estimator improve with a decrease
in ¢ (as AH instruments become stronger), and/or a rise in 7". In contrast, the empirical power
function of the AAH estimator is much more satisfactory. The size of the AH and AAH estimators
reported in Table 3 are close to their nominal value of 0.05, in cases where T'/n is sufficiently small.
For T = 3 the reported size is close to 5% for all values of n considered, whereas for T' = 4, size
is close to 5 percent only for n > 500. Size clearly deteriorates in the case where the number
of moments is not sufficiently small relative to the number of cross-section units, n, which is a

well-known problem in the GMM literature.

7.3.2 Comparison of AAH and AAH-O estimators

With an increase in T', the number of moments becomes large, many of which could be relatively
weak. In such a case, using a well chosen sub-set of moments could improve the small sample
performance. We investigate the small sample benefits and drawbacks of using OCMT procedure
described in Section 6.1 to select a subset or relevant AH moments. The AAH-O estimator is
based on the union of 7' — 2 quadratic moments (13) and the selected subset of AH moments.
We expect that for a fixed T and as n — oo, all relevant moments will be selected by OCMT
procedure and therefore asymptotically AAH, and AAH-O achieve the same variance (for a fixed
T), although AAH-O could have lower or higher RMSE compared with AAH in finite samples.
These expectations are in line with the reported findings in Tables 4-5 and Figure 2. First, the
average number of moments (reported in the last columns of Table 4) increases in n for a fixed T,
since all of the AAH moments are relevant albeit with a varying degree of strength. The differences

in RMSE values between AAH and AAH-O estimators are negligible for the largest value of n,
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as expected. Second, AAH-O outperforms AAH in cases with highest value of the ratio T'/n,
for example when n = 100, and T' > 12. However, for intermediate cases with more moderate
T/n ratio, AAH-O tends to perform less well as compared to the AAH estimator in terms of
RMSEs. The size distortions of AAH-O are not as serious as the size distortions of AAH, but still

quite substantial in the case of experiments where T > 10 and n < 2000.

7.3.3 Comparison of AAH with AB and BB estimators

We now turn to the small sample performance of the AAH estimator compared to the AB and BB
estimators. Comparisons for experiments where both AB and BB restrictions are met are reported
in Tables 6-7 and Figure 3. In these experiments AAH is asymptotically less efficient than BB,
and this is reflected in the lower values of RMSEs obtained for the BB estimator; although it is
interesting to note that these differences are not large in many cases. This result is also in line
with the asymptotic relative efficiency of the BB estimator reported in Table 1. The situation is
very different when the AAH estimator is compared to the AB estimator. As can be seen from
Table 6, in all cases the AAH estimator performs better (in many cases substantially) than the AB
estimator. Size of the tests based on the individual estimators is close to 5% when n is sufficiently
large relative to T', otherwise when T is large relative to n inference could be unsafe with substantial
over-rejections.

To investigate the factors behind the better performance of the BB estimator, we now consider
experiments where individual effects are correlated with the deviations of initial values y;o — p;,
by setting x = 1. In these experiments, reported in Tables 8-9 and Figure 4, the restrictions
underlying the BB estimator are not met. Hence, BB is estimator is no longer consistent, which
shows the BB estimator having large biases and close to 100 percent size over-rejections. The
remaining two estimators (AAH and AB) are consistent and their relative performance is very
similar to the previous experiments reported in Tables 6-7, with the proposed AAH estimator
generally dominating the AB estimator.

In the last set of experiments, reported in Tables 10-11 and Figure 5, we also allow for correlation
of errors and fixed effects (by setting the parameter p = 0.8), in addition to x = 1. In these

experiments AAH continues to be valid, but the moment conditions of AB and BB are both violated.

"The size performance can be improved upon by considering alternative estimates of standard errors, such as
Windmeijer (2005) finite sample corrections for the standard errors of two-step GMM estimators, or Newey and
Windmeijer (2009) standard errors for the CU-GMM estimators. These or other alternative estimators of standard
errors are not pursued in this paper.
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As a result both of these estimators perform very poorly, and exhibit large biases and substantial
size distortions even when T' = 3. In contrast, the MC findings for the AAH estimator perform well,
and in fact are numerically identical to those reported in Tables 8-9, since due to first-differencing
the AAH estimator is not affected by changes in p and x.'®

Overall, the MC findings show that the AAH estimator is robust and outperform its ‘cousin’, the
AH estimator by a wide margin. The AB and BB estimators are not robust to p # 0, and BB is also
not robust to k # 0. In the case of experiments with p =0 & k = 0, the AAH estimator continues
to outperform the AB estimator, but performs less well when compared to the BB estimator, which
is obtained under a much stronger set of restrictions (given by (11)). In practice it is not known
whether these additional restrictions on the initialization of dynamic processes are satisfied, and
violation of these conditions renders the BB estimator inconsistent with large biases and substantial

over-rejections.

7.3.4 Hausman test for a comparison of AAH and BB estimators

We now consider the small sample performance of the Hausman test proposed in Section 4. This
test compares AAH and BB estimators. As already noted, under the null hypothesis of BB condi-
tions holding, we have Var (AAH) < Var (BB), whereas BB estimator will be inconsistent if BB
conditions are not met. Table 12 shows the rejection rates of Hausman test (defined by ( 40)) at
5 per cent nominal level under the null that BB conditions are met (namely Hy : p = k = 0), as
well as the rejection rates under the alternative hypothesis H; : p = 0 and £ = 1, under which
the BB conditions do not hold. For T' = 3 and all choices of n considered, our findings suggest
that the Hausman test has relatively good size. However, rejection rates increase well beyond the
5 per cent nominal level as T increases and n is not sufficiently large. These distortions can be
observed in sample sizes where Var (AAH) and Var (BB) are not well estimated due to large
number of moments and n not being sufficiently large. Under the null hypothesis we also observe
a large incidence of cases (reported in the right part of Table 2) where Var (AAH) < Var (BB)
and Hausman test is therefore not applicable. Large incidence of these cases relate to very small
differences in RMSE values reported earlier in Table 6, in particular for larger values of T'.
Rejection rates under the alternative hypothesis (Hy : p = 0 and k = 1) are quite large and

quickly approach one as n increases, suggesting relatively good power of the Hausman test for this

18To make the results in Tables 10 & 11 and Tables 8 & 9 comparable we have used the same seed for generating
the random numbers.
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design. Overall, Hausman test seems to work well when T is sufficiently small but as T is increased
the size distortion quickly appear in a same pattern as the reported size distortions observed in

Table 7.

8 Concluding remarks

Instead of searching for instruments that are uncorrelated with the errors, this paper proposes to
use the regressors (target variables) themselves in cases where the correlation between the target
variables and the errors can be derived. This approach will lead to possibly nonlinear bias-corrected
moment conditions. In this paper this idea is applied to the estimation of short-7" dynamic panel
data models, and a new augmented Anderson-Hsiao (AAH) estimator is proposed without making
additional restrictions. The basic idea has potential applications in other settings, including spatial
panel data models. The idea can also be exploited to estimate unknown parameters of a known
distributional functional form of slope coefficients in short-T" autoregressive or vector autoregressive
panels with heterogenous slope coefficients, which we leave for future research.

The proposed AAH estimator is applicable under less restrictive conditions on the initialization
of the dynamic processes and the individual effects as compared to the leading first-difference and
system-GMM methods advanced in the literature. It is, however, acknowledged that the AAH
estimators can be less efficient asymptotically when the stricter requirements of the system GMM
estimator proposed by Blundell and Bond hold. The robustness of the AAH estimators is likely
to be an advantage in practice where it is not possible to know if the stronger requirements of the
system-GMM estimators are met, and thus avoid possible estimation bias and incorrect inference.

To decide between AAH and BB estimators in empirical applications we also propose a Hausman
type test which is shown to work well when T is small and n sufficiently large.

This paper only considered panels with a fixed T'. In panels with n,T — oo jointly, there is
an important issue that pertains to the GMM approach, namely the problem of combining a large
number of moment conditions. We have briefly discussed this topic and proposed using OCMT to
select a subset of relevant moment conditions as a simple way to mitigate the adverse effects of

moments proliferation.

27



Table 2: Bias and RMSE of AH and AAH estimators when both Arellano and Bond
(AB) and Blundell and Bond (BB) restrictions are met

Bias (x100) RMSE(x100)
bo = 0.4 b0 = 0.8 bo =04 b0 = 0.8
T n AH AAH AH AAH AH AAH AH AAH
3 100 <-100 463 3237 4.98 >1000  21.32 >1000  29.09
3 200 <-100  3.22 <-100  4.88 >1000  13.62 >1000  23.48
3 500 8.85 1.49 <-100 218 22747  6.85 >1000  10.14
3 1000 8.91 0.65 >100 1.76 88.28  4.25 >1000  7.40
3 2000 2.34 0.04 14.91 0.52 2558  2.63 10821  4.08
3 8000 0.99 -0.06 3.15 -0.06 1197 1.23 23.40 1.68
4 100 1118 1.22 -39.91  0.22 5122 12.05 94.44  14.56
4 200 -3.70 0.36 2455  0.21 3455  7.44 7582 10.65
4 500 243 -0.01 -10.60  -0.01 19.97  4.05 41.66  6.40
4 1000 -0.83 0.13 -3.78 0.13 13.78 288 2643  4.33
4 2000 2071 -0.10 221 -0.10 9.78 2.03 1750 3.04
4 8000 20.08  -0.01 2015 -0.01 4.65 1.06 8.40 1.53
5 100 -4.68 1.18 26.99  -0.17 21.26  10.74 49.53  10.77
5 200 -2.43 0.59 1529 -0.28 14.65  8.00 3444 681
5 500 20.95  -0.02 573 -0.23 9.42 3.03 2015 4.00
5 1000 2013 -0.02 253 -0.20 6.58 2.09 1357 272
5 2000 2033 -0.09 2169 -0.16 4.60 1.47 9.49 1.88
5 8000 20.04  -0.02 2036 -0.04 2.26 0.75 4.51 0.95
6 100 -5.01 1.08 2359 0.14 1729 9.86 3813 9.27
6 200 -2.42 0.24 -12.94  -0.06 1174 6.08 2562 6.51
6 500 2105 -0.14 520 -0.39 7.13 2.64 1430 3.70
6 1000 2037 -0.01 242 -0.14 5.09 1.83 9.91 2.49
6 2000 2019 -0.07 128 -0.14 3.51 1.32 6.71 1.75
6 8000 20.03  -0.02 2020 -0.05 1.75 0.63 3.23 0.86
10 100 -3.40 0.48 1408 0.22 8.84 5.66 1959 6.38
10 200 -1.49 0.17 -7.05  -0.01 5.59 3.03 1161 3.92
10 500 20.60  -0.03 254 -0.04 3.37 1.82 6.05 2.32
10 1000 2022 -0.03 2120 -0.12 2.36 1.25 3.97 1.46
10 2000 20.16  -0.03 20.60  -0.07 1.65 0.84 2.74 0.98
10 8000 20.04  -0.01 2014 -0.03 0.79 0.41 1.30 0.49

Notes: "AH" is the 2-step GMM estimator based on the (T'— 2) (T'— 1) /2 Anderson and Hsiao’s moment conditions (7), "AAH"
is the augmented Anderson and Hsiao 2-step GMM estimator based on the (T'— 2) (T'— 1) /2 4+ T — 2 moment conditions (7)
and (13). The DGP is given by ;s = o + ¢pyie—1 + iz, for i =1,2,...,n, and t = 1,2,...,T, with y; 0 = p; + w7 + v;, where
w =i/ (1—=9¢), aj = 25:1 ptuiy + i, mi ~ IIDN (1,1), and v; ~ ITDN (0,1). This table reports findings for experiments
where Kk = p = 0, namely AB and BB restrictions are met. BB restrictions are not satisfied when x # 0, and AB restrictions are
not satisfied when p # 0. Errors u;s are generated to be cross-sectionally heteroskedastic and non-normal, u;; = (e — 2) 044/2
for t < [T/2], and ug = (et — 2) 0p/2 for t > [T/2], with 02, ~ I1DU (0.25,0.75), 0% ~ IIDU (1,2), et ~ IIDx?(2), and
[T'/2] is the integer part of T'/2. See Section 7 for a full description of the MC experiments.
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Table 3: Size and Power of AH and AAH estimators when both Arellano and Bond
(AB) and Blundell and Bond (BB) restrictions are met

Size (5% level, x100) Power (5% level, x100, Hy : ¢ = ¢+ 0.1)
bo =04 6o =08 bo =04 b0 =08
T n AH AAH AH AAH AH AAH AH AAH
3 100 5.8 6.2 7.7 7.0 8.3 21.2 10.0 18.7
3 200 6.2 4.6 7.8 5.8 9.1 26.0 9.8 21.2
3 500 5.9 4.5 7.3 3.9 9.8 47.3 10.2 30.5
3 1000 5.8 4.6 6.3 4.5 10.9 73.4 9.8 45.4
3 2000 4.5 5.3 5.8 4.6 11.2 95.8 9.9 76.6
3 8000 5.0 5.0 4.8 4.6 16.5 100.0 11.5 99.9
4 100 11.0 10.2 19.2 12.7 16.0 35.0 23.2 30.6
4 200 7.5 7.4 13.0 9.5 12.3 45.6 17.3 34.0
4 500 6.3 6.1 7.9 6.6 13.9 1.7 12.8 47.6
4 1000 5.2 5.3 5.8 5.9 16.6 91.7 11.9 65.9
4 2000 6.3 5.3 5.3 5.8 23.5 99.5 13.2 88.1
4 8000 5.0 5.6 4.9 5.8 56.8 100.0 23.3 100.0
5 100 13.0 15.5 25.7 17.3 24.5 51.1 33.6 46.0
5 200 8.3 10.9 16.3 10.8 22.5 65.6 24.5 54.0
5 500 6.8 7.1 8.4 7.8 29.2 90.9 19.7 7.7
5 1000 5.9 6.5 5.9 6.4 38.8 99.5 20.2 95.1
5 2000 5.2 5.4 5.1 5.9 61.3 100.0 27.7 99.9
5 8000 4.0 5.8 4.0 5.3 99.3 100.0 60.5 100.0
6 100 18.3 20.5 31.1 20.3 33.9 58.0 43.4 53.9
6 200 11.2 12.0 19.1 13.7 31.4 76.1 31.8 61.8
6 500 7.4 8.0 9.5 9.5 40.0 96.9 26.8 84.7
6 1000 6.5 6.1 7.5 6.5 57.4 100.0 30.5 96.4
6 2000 4.8 5.5 5.5 6.3 82.1 100.0 42.3 100.0
6 8000 4.6 4.1 4.5 5.2 100.0 100.0 87.2 100.0
10 100 40.5 47.3 58.9 49.3 76.6 88.4 83.3 85.4
10 200 20.5 24.1 32.6 27.9 77.9 97.2 74.6 93.4
10 500 10.4 12.1 14.4 15.3 93.7 100.0 75.8 99.8
10 1000 8.3 9.6 8.8 11.3 99.4 100.0 88.8 100.0
10 2000 7.1 6.2 7.4 7.3 100.0 100.0 98.5 100.0
10 8000 5.3 5.2 5.0 5.9 100.0 100.0 100.0 100.0

See the notes to Table 2

29



Figure 1: Rejection frequencies (at 5% nominal level) for AH and AAH estimators
when both Arellano and Bond (AB) and Blundell and Bond (BB) restrictions are

met
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See the notes to Table 2.
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Table 4: Bias and RMSE of AAH and AAH-O estimators when both Arellano and
Bond (AB) and Blundell and Bond (BB) restrictions are met

Average number

Bias (x100) RMSE (x100) of moments
bo = 0.4 bo =08 6o =04 b =038 AAT-O
T n AAH AAH-O AAH AAH-O AAH AAH-O AAH AAH-O AAH ¢3=04 ¢,=0.8
10 100 0.48 0.12 0.22 -0.39 5.66 5.53 6.38 7.21 44 20 17
10 200 0.17 -0.05 -0.01 -0.56 3.03 3.12 3.92 4.29 44 23 18
10 500 -0.03 -0.07 -0.04 -0.25 1.82 1.90 2.32 2.57 44 28 22
10 1000 -0.03 -0.05 -0.12 -0.26 1.25 1.28 1.46 1.55 44 33 25
10 2000 -0.03 -0.05 -0.07 -0.14 0.84 0.85 0.98 1.02 44 39 29
10 8000 -0.01 -0.01 -0.03 -0.03 0.41 0.41 0.49 0.49 44 43 44
12 100 0.70 0.04 0.75 -0.20 5.34 4.79 6.39 6.76 65 25 22
12 200 0.19 -0.05 0.09 -0.52 2.95 2.98 3.71 4.38 65 29 23
12 500 0.00 -0.03 -0.06 -0.24 1.63 1.72 1.97 2.39 65 37 28
121000 -0.01 -0.03 -0.09 -0.21 1.10 1.15 1.20 1.61 65 45 34
122000 -0.02 -0.04 -0.04 -0.12 0.77 0.78 0.83 0.88 65 54 40
12 8000 0.00 -0.01 -0.01 -0.01 0.37 0.37 0.40 0.40 65 63 63
14 100 0.98 0.03 1.11 -0.23 6.68 4.26 7.59 6.25 90 30 26
14 200 0.22 -0.03 0.21 -0.51 2.81 2.73 3.55 4.19 90 35 28
14 500 -0.01 -0.07 -0.03 -0.26 1.52 1.60 1.68 2.24 90 47 34
14 1000 0.02 -0.01 -0.03 -0.18 1.01 1.06 1.06 1.22 90 57 43
14 2000 -0.01 -0.03 -0.03 -0.13 0.68 0.70 0.71 0.78 90 69 52
14 8000 0.00 -0.01 -0.01 -0.02 0.34 0.34 0.35 0.35 90 86 84
16 100 0.73 0.09 -0.59 -0.11 7.93 4.16 9.24 6.02 119 35 30
16 200 0.22 -0.12 0.42 -0.57 2.92 2.63 3.69 4.00 119 41 32
16 500 0.06 -0.02 0.04 -0.32 1.44 1.45 1.58 1.83 119 56 39
16 1000 0.03 0.00 -0.01 -0.20 0.93 0.97 0.96 1.15 119 71 51
16 2000 -0.03 -0.04 -0.05 -0.16 0.62 0.64 0.63 0.70 119 86 65
16 8000 0.00 0.00 0.00 -0.01 0.31 0.31 0.31 0.31 119 112 103
18 100 -0.33 -0.01 -5.41 -0.22 7.57 3.83 10.81 5.86 152 40 35
18 200 0.35 -0.08 0.77 -0.54 3.20 2.55 4.08 3.97 152 47 37
18 500 0.09 -0.03 0.11 -0.31 1.40 1.39 1.57 1.93 152 64 44
18 1000 0.03 0.00 0.01 -0.21 0.87 0.89 0.87 1.08 152 83 58
18 2000 -0.01 -0.02 -0.03 -0.14 0.59 0.61 0.58 0.64 152 103 79
18 8000 0.00 0.00 0.00 -0.01 0.29 0.29 0.28 0.29 152 141 121
20 100 -1.73 -0.06 -9.91 -0.34 8.22 3.73 14.22 5.72 189 45 39
20 200 0.55 -0.09 1.07 -0.67 4.63 2.39 5.32 3.51 189 53 41
20 500 0.07 -0.04 0.08 -0.36 1.38 1.33 1.46 1.86 189 72 49
20 1000 0.02 -0.01 0.00 -0.22 0.84 0.86 0.82 1.04 189 96 64
20 2000 0.00 -0.02 0.00 -0.12 0.55 0.57 0.53 0.60 189 121 92
20 8000 0.00 0.00 0.00 -0.02 0.27 0.27 0.25 0.26 189 171 139

Notes: See the notes to Table 2. "AAH-O" estimator is the two-step GMM estimator based on T — 2 quadratic moment
conditions (13) and a subset of (T'—2) (T — 1) /2 AAH moment conditions (7) selected by OCMT. See section 7 for a full
description of the MC experiments.
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Table 5: Size and power of AAH and AAH-O estimators when both Arellano and
Bond (AB) and Blundell and Bond (BB) restrictions are met

Size (5% level, x100) Power (5% level, x100, Hi : ¢ = ¢y + 0.02)
bo =04 6o =038 bo =04 6o =08
T n AAH AAH-O AAH AAH-O AAH AAH-O AAH AAH-O
10 100 47.3 25.6 49.3 29.6 49.5 32.6 52.3 36.3
10 200 24.1 15.4 27.9 18.7 31.6 25.0 36.4 28.5
10 500 12.1 10.7 15.3 14.6 34.8 30.5 34.2 33.0
10 1000 9.6 9.5 11.3 12.4 46.2 44.1 42.4 44.7
10 2000 6.2 7.0 7.3 8.8 71.0 71.2 61.4 64.9
10 8000 5.2 5.3 5.9 6.1 99.8 99.9 98.0 98.1
12 100 62.8 28.0 66.1 33.4 66.0 32.6 67.8 40.2
12 200 32.3 19.5 37.3 23.8 43.0 29.0 47.1 35.8
12 500 15.7 12.1 18.1 16.5 41.6 35.4 44.2 38.9
12 1000 9.9 8.9 114 13.1 56.7 51.5 54.6 56.6
12 2000 8.7 8.2 8.2 9.2 80.9 80.0 74.7 76.6
12 8000 6.1 6.0 5.5 5.7 100.0 100.0 99.9 99.9
14 100 89.2 32.2 88.0 39.0 87.2 38.3 88.4 45.4
14 200 42.8 19.5 46.3 27.4 53.2 33.4 58.4 38.7
14 500 18.6 13.4 23.6 18.8 51.2 42.1 52.0 44.8
14 1000 11.4 10.7 14.6 15.2 64.7 59.2 65.4 62.3
14 2000 7.9 7.2 8.9 9.9 87.5 85.6 86.5 86.8
14 8000 6.2 6.2 5.8 6.6 100.0 100.0 100.0 100.0
16 100 85.9 34.6 85.4 41.9 86.7 41.1 86.3 48.1
16 200 59.4 22.3 61.9 28.5 63.4 36.3 66.6 43.3
16 500 22.0 12.9 27.7 18.8 56.6 44.6 59.3 47.0
16 1000 13.8 10.8 16.1 16.0 71.8 66.3 74.7 69.5
16 2000 8.6 7.9 10.0 11.1 93.1 91.8 93.4 92.8
16 8000 5.7 5.8 6.2 7.2 100.0 100.0 100.0 100.0
18 100 74.5 38.0 78.1 44.3 75.0 42.9 80.2 53.1
18 200 72.0 24.4 74.4 30.8 76.7 39.0 77.9 45.9
18 500 28.1 14.0 31.7 20.6 62.8 49.7 67.3 51.0
18 1000 14.8 9.7 17.6 16.6 78.1 70.9 81.2 72.1
18 2000 9.7 8.7 10.9 11.5 95.7 94.1 96.8 95.6
18 8000 6.4 6.4 6.3 7.7 100.0 100.0 100.0 100.0
20 100 66.8 38.9 78.2 46.1 70.1 48.2 82.8 53.8
20 200 93.1 24.8 92.0 32.3 92.8 41.6 92.7 49.1
20 500 33.4 15.1 39.1 20.3 69.6 54.2 72.0 54.7
20 1000 18.7 11.2 20.8 15.9 82.5 75.7 87.0 75.7
20 2000 10.4 9.0 11.9 11.7 96.5 95.4 98.4 96.7
20 8000 7.3 6.8 6.4 7.5 100.0 100.0 100.0 100.0

See the notes to Tables 2 and 4.
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Figure 2: Rejection frequencies (at 5% nominal level) for AAH and AAH-O
estimators when both Arellano and Bond (AB) and Blundell and Bond (BB)
restrictions are met
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Table 6: Bias and RMSE of AAH, AB and BB estimators when both Arellano and
Bond (AB) and Blundell and Bond (BB) restrictions are met

Bias (x100) RMSE(x100)
by = 0.4 by = 0.8 by = 0.4 by = 0.8
T n AAH AB BB AAH AB BB AAH AB BB AAH AB BB
3 100 463 -8.77 241 198 -59.00 2.32 21.32 33.60 11.69  29.09 112.54 13.30
3200 322 427 148 4.88 -43.32  1.38 13.62 21.86 8.28 23.48  96.01  8.53
3 500 149  -1.48 0.67 218 -24.42 055 6.85 12.81  4.97 10.14  68.48  4.94
31000 0.65 -0.48 0.49 176 -9.78  0.45 4.25 874  3.46 740  46.31  3.61
32000 0.04 -0.18 0.1 052 -5.11  0.06 2.63  6.28  2.47 4.08 3092 261
3 8000  -0.06 -0.18 -0.02 -0.06 -1.14  -0.01 123 307 1.19 168 1511  1.30
4 100 122 -4.92 201 022 -4529 2.44 12.05 20.08 9.84 14.56  73.89 11.16
4 200 0.36 -2.18 0.99 021 -29.61 1.10 744 13.84  6.57 10.65 55.67  7.64
4 500  -0.01 -0.85 0.40 -0.01  -14.09 025 4.05 865  4.07 6.40  32.95  4.55
4 1000 0.13 -0.41 0.32 013 -6.41 0.21 288  6.13  2.85 4.33 2154  3.26
4 2000  -0.10 -0.26 0.01 -0.10  -3.46  -0.07 2.03 436  2.01 3.04  14.81  2.40
4 8000  -0.01 -0.03 0.02 0.0l -0.55 -0.02 1.06 213 1.03 153 725 116
5 100 118  -4.25 1.06 2017 -29.96 1.93 10.74 15.00  7.60 10.77  46.23  8.33
5 200 0.59 -2.20 0.49 -0.28 -18.54 0.83 8.00 10.20  4.97 6.81 3212  5.40
5 500  -0.02 -0.77 0.17 -0.23  -8.00 0.20 3.03  6.31  3.03 4.00 18.72  3.37
5 1000  -0.02 -0.18 0.08 -0.20 -3.74  0.04 2.09  4.25  2.09 272 1237 2.35
5 2000  -0.09 -0.38 -0.05 20.16  -2.45 -0.02 147 309 145 188 866  1.63
5 8000  -0.02 -0.07 -0.01 -0.04 -0.56  0.00 0.75 1.56 0.74 0.95 4.23  0.84
6 100 1.08 -4.36  1.00 014 -25.52 2.72 9.86 12.77  6.92 9.27  37.03 7.9
6 200 0.24 -2.00 0.44 -0.06 -15.32 131 6.08 856 4.44 6.51 2524  5.49
6 500  -0.14 -0.83 0.04 -0.39  -6.53  0.26 2.64 516  2.68 3.70  14.21  3.24
6 1000  -0.01 -0.26 0.08 -0.14  -3.03 0.3 183 3.63 1.84 249 943  2.23
6 2000  -0.07 -0.16 -0.03  -0.14 -1.61 -0.03 132 247 131 175 625  1.54
6 8000  -0.02 -0.06 -0.01 -0.05 -0.36 -0.03 063 1.24  0.63 086  3.00  0.77
10 100 0.48 -3.14 0.65 022 -14.73 2.53 566 8.24  5.23 6.38  19.91  6.00
10 200 0.17 -1.44 0.32 0.0l -7.79  1.40 3.03  5.02  3.04 3.92  11.92  3.84
10 500  -0.03 -0.62 0.03 -0.04 -297 033 182 304 183 232 611  2.16
10 1000  -0.03 -0.22 0.00 012 -1.38  0.07 125 207 1.26 146 392 144
10 2000  -0.03 -0.14 -0.02 -0.07  -0.70  0.01 084 142 0.84 098  2.66  0.95
10 8000  -0.01 -0.04 -0.01 -0.03  -0.17 -0.01 041 070  0.41 049  1.26  0.46

Notes: See the notes to Table 2. "AB" is the 2-step GMM estimator based on the Arellano and Bond’s first-difference moment
conditions (8), and "BB" is the 2-step GMM estimator based on the Arellano and Bover’s and Blundell and Bond’s system
moment conditions (8)-(9).
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Table 7: Size and power of AAH, AB and BB estimators when both Arellano and
Bond (AB) and Blundell and Bond (BB) restrictions are met

Size (5% level, x100) Power (5% level, x100, Hy : ¢ = ¢g + 0.1)
bo =04 bo = 0.8 b = 0.4 by =038
T n AAH AB BB AAH AB BB AAH AB BB AAH AB BB
3 100 6.2 9.2 113 7.0 21.9 18.3 21.2 14.6 22.7 18.7 25.6 20.6
3 200 4.6 7.5 8.9 5.8 19.2 128 26.0 14.7 32.2 21.2 23.0 26.7
3 500 4.5 5.9 6.5 3.9 13.1 8.0 47.3 16.3 52.9 30.5 17.2 46.1
3 1000 4.6 4.8 5.3 4.5 8.9 5.9 73.4 23.5 77.2 45.4 13.8 72.3
32000 5.3 5.9 5.4 4.6 7.2 6.8 95.8 39.7 97.1 76.6 12.6 96.7
3 8000 5.0 5.5 4.9 4.6 5.8 4.9 100.0  91.0 100.0 99.9 16.0  100.0
4 100 10.2  12.0 15.9 12.7  30.1 28.7 35.0 21.4 32.5 30.6 36.5 32.4
4 200 7.4 9.0 10.3 9.5 21.0 198 45.6 21.5 43.5 34.0 27.3 39.0
4 500 6.1 6.5 7.0 6.6 12.0 10.9 717 27.9 71.1 47.6 19.8 65.1
4 1000 5.3 6.2 6.0 5.9 8.1 8.5 91.7 41.9 92.7 65.9 16.7 88.7
4 2000 5.3 5.9 5.1 5.8 6.5 7.6 99.5 67.2 99.6 88.1 18.8 99.5
4 8000 5.6 4.7 5.7 5.8 5.8 5.2 100.0  99.8  100.0 100.0  32.6  100.0
5 100 15,5 15.7 219 17.3  33.7 353 51.1 33.1 51.3 46.0 45.6 49.4
5 200 10.9 106 13.3 10.8 219 20.6 65.6 34.4 65.6 54.0 34.6 63.6
5 500 7.1 6.8 8.2 7.8 10.8 11.4 90.9 46.3 91.4 7.7 25.9 90.1
5 1000 6.5 4.5 6.7 6.4 6.9 8.7 99.5 66.4 99.6 95.1 24.7 99.4
5 2000 5.4 5.5 4.9 5.9 6.7 6.0 100.0 91.8 100.0 99.9 33.4  100.0
5 8000 5.8 4.9 5.6 5.3 4.8 5.6 100.0 100.0 100.0 100.0 70.9 100.0
6 100 205 21.1 278 20.3  41.2 46.1 58.0 45.9 61.8 53.9 56.2 56.3
6 200 12.0 14.0 16.5 13.7 259 30.1 76.1 44.8 76.5 61.8 43.8 68.2
6 500 8.0 7.9 9.2 9.5 134 148 96.9 62.6 96.9 84.7 35.3 94.6
6 1000 6.1 7.1 6.2 6.5 8.8 9.0 100.0 83.4 100.0 96.4 37.9 99.8
6 2000 5.5 5.2 6.0 6.3 5.8 7.5 100.0 97.7 100.0 100.0  50.1  100.0
6 8000 4.1 4.6 4.6 5.2 4.6 5.4 100.0  100.0 100.0 100.0 92.6  100.0
10 100 473 48.0 56.9 49.3 67.8 728 88.4 82.7 90.2 85.4 88.6 86.0
10 200 24.1  23.0 26.2 27.9 399 45.1 97.2 87.3 98.1 93.4 81.1 95.1
10 500 121 119 14.0 15.3 16.8 229 100.0 97.1  100.0 99.8 82.4  100.0
10 1000 9.6 8.5 10.3 11.3  10.2 13.7 100.0 100.0 100.0 100.0 91.5 100.0
10 2000 6.2 6.8 6.8 7.3 7.5 9.1 100.0 100.0 100.0 100.0  99.1  100.0
10 8000 5.2 5.3 5.2 5.9 5.3 5.4 100.0 100.0 100.0 100.0 100.0 100.0

See the notes to Tables 2 and 6.
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Figure 3: Rejection frequencies (at 5% nominal level) for AAH, AB, and BB
estimators when AB and BB restrictions are met
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See notes to Tables 2 and 6.
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Table 8: Bias and RMSE of AAH, AB and BB estimators when Arellano and Bond

(AB) restrictions are met and Blundell and Bond (BB) restrictions are not met

Bias (x100) RMSE (x100)
bo = 0.4 by =08 by =04 by =038
T n AAH AB BB AAH AB BB AAH AB BB AAH AB BB
3 100 117 -1.35 26.32 270 -12.50 18.48 1413 11.98 2835 2320 4364 23.41
3200 0.59 -0.83 26.88 2.85 -5.68 19.51 841 837 27.97 18.57 26.62 21.68
3 500 0.56 -0.21 27.48 156  -1.75  20.41 499 512 27.89 8.97 14.66 21.05
31000 0.47 -0.03 27.69 158 -0.70  20.83 345  3.64 27.90 6.14 1027 21.10
32000 0.23 0.0l 27.68 0.82 -0.31 20.86 242 258 27.78 401 717 2098
3 8000 0.13  -0.06 27.71 0.19 -0.21  20.89 119 128 27.74 1.89  3.59  20.92
4 100 120 -0.80 23.34 054 -7.56 18.94 1170 8.62 24.96 1423 2342 20.44
4 200 0.31  -0.33 23.96 032 -321 20.34 6.95 6.15 24.80 10.33 1530 20.93
4 500 20.02  -0.12  24.75 20.02  -1.24  21.41 3.30  3.84  25.10 589 9.46  21.60
41000 0.06 -0.07 24.88 0.09 -0.75 21.82 2.36 276 25.05 4.03  6.81 2191
4 2000 -0.08 -0.03 24.96 -0.10  -0.31 22.03 1.65 197 25.05 284 478  22.07
4 8000 -0.02  0.00 25.08 -0.02  -0.04 22.11 0.85 0.96 25.10 144 235 2212
5 100 1.02  -1.28 15.44 -0.18  -8.38  15.66 9.96 7.72 17.31 10.03 19.41 17.39
5 200 0.39 -0.66 15.85 -0.29  -4.21  17.60 715 539 16.78 6.45 12.52 18.36
5 500 0.01 -0.14 16.37 -0.23  -1.39  19.06 2.58  3.28 16.77 375 7.8 19.32
5 1000 0.01  0.00 16.53 -0.18  -0.57  19.64 1.80 224  16.74 256  4.85 19.77
5 2000 -0.10  -0.13 16.55 -0.16  -0.55  19.87 126 1.61 16.66 177 349 19.94
5 8000 -0.02  -0.02 16.70 -0.05  -0.12  20.10 0.65 0.83 16.73 091 1.79 20.11
6 100 0.75 -1.41 12.91 0.50 -7.39  15.90 812  6.78 14.62 9.35 15.46 16.80
6 200 0.23  -0.57 13.12 010 -3.44 17.71 541 458 14.03 6.33  9.73 18.18
6 500 -0.08 -0.21 13.44 -0.36  -1.31  19.18 2.24 278 13.83 3.37  5.65 19.36
6 1000 0.02 -0.02 13.78 2011 -0.51  19.87 158  2.00 13.98 230 3.93 19.95
6 2000 -0.05 -0.04 13.76 2012 -0.29  20.14 112 1.35 13.86 1.63 266 20.18
6 8000 -0.02  -0.02 13.89 -0.05  -0.11 20.33 0.55  0.69 13.91 0.81  1.36 20.34
10 100 0.48 -1.68 6.17 0.54 -6.44 10.01 482  5.68  7.92 6.22 10.79 11.13
10 200 0.16 -0.72 6.1 0.08 -2.99 11.15 272 346  6.95 373 6.19 11.80
10 500 20.02 -0.30 6.21 20.07  -1.10 1227 1.67 211  6.57 201  3.33  12.57
10 1000 20.01  -0.09 6.30 2012 -0.49 1254 113 144 649 136 227 1271
10 2000 -0.02 -0.06 6.36 -0.07  -0.24 1278 0.77  1.00  6.45 0.92 1.58 1287
10 8000 -0.01 -0.02 6.46 -0.02  -0.06 12.94 0.38 049 6.48 0.45 0.76 12.96

See the notes to Tables 2 and 6.
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Table 9: Size and power of AAH, AB and BB estimators in experiments when
Arellano and Bond (AB) restrictions are met and Blundell and Bond (BB)

restrictions are not met

Size (5% level, x100) Power (5% level, x100, Hi : ¢ = ¢y + 0.1)
$o =04 9o =08 b =04 b0 = 0.8

T n AAH AB BB AAH AB BB AAH AB BB AAH AB BB

3 100 5.4 7.0 93.2 7.4 11.0  72.6 24.4 21.4 81.6 19.3 16.5 41.7
3 200 5.3 6.3 98.7 6.2 7.7 86.0 32.0 29.5 90.1 22.2 14.3 56.4
3 500 4.2 5.1 100.0 3.7 5.5 98.1 54.6 52.5 99.4 32.5 15.5 84.9
3 1000 4.1 4.8 100.0 3.7 5.6 99.8 71.3 78.8  100.0 44.7 20.8 97.1
3 2000 4.4 4.5 100.0 4.1 4.9 100.0 82.3 97.4  100.0 69.2 32.8  100.0
3 8000 3.2 5.0 100.0 4.7 5.0 100.0 86.2  100.0 100.0 93.3 80.2  100.0
4 100 9.3 9.4 95.3 12.1 11.9 929 40.7 33.3 82.6 30.8 21.4 73.4
4 200 6.9 8.7 99.6 8.8 8.4 98.1 56.0 45.4 91.7 35.7 20.0 90.4
4 500 6.3 6.4 100.0 6.3 6.0 100.0 84.8 76.7 99.5 50.7 23.8 99.3
4 1000 5.2 5.4 100.0 5.3 5.8 100.0 98.0 96.1  100.0 69.7 38.0 100.0
4 2000 4.8 6.1  100.0 5.6 5.9 100.0 100.0 100.0 100.0 91.4 58.9  100.0
4 8000 5.6 5.1 100.0 5.5 4.8 100.0 100.0 100.0 100.0 100.0 98.7 100.0
5 100 143 13.2 89.3 16.5 17.0 91.1 57.3 46.5 65.2 48.3 33.9 72.9
5 200 10.7 9.5 98.2 10.8 11.3 97.1 75.6 61.3 68.4 57.1 32.5 84.6
5 500 6.8 5.8 100.0 6.5 6.7 100.0 96.8 88.4 86.0 81.4 40.1 96.4
5 1000 6.2 3.6  100.0 6.4 4.2 100.0 99.9 99.7 95.5 96.6 58.5 99.6
5 2000 4.8 4.9 100.0 5.7 5.2 100.0 100.0 100.0  99.7 100.0  85.6 99.9
5 8000 5.3 5.5 100.0 5.7 5.6  100.0 100.0 100.0 100.0 100.0 100.0 100.0
6 100 175 16.8 90.0 199 23.2  96.6 67.4 60.4 61.4 55.3 47.0 78.8
6 200 10.4 10.0 97.5 12.8 12.6  99.0 84.5 73.9 59.0 64.3 44.6 90.4
6 500 7.1 6.3 100.0 8.4 6.4 100.0 99.5 97.3 68.4 87.2 57.3 98.6
6 1000 6.4 6.0 100.0 5.9 5.6  100.0 100.0  99.8 81.9 98.2 78.5 100.0
6 2000 5.4 4.5 100.0 5.8 4.3 100.0 100.0 100.0 93.9 100.0 96.6  100.0
6 8000 4.1 4.6 100.0 4.9 5.1  100.0 100.0 100.0 100.0 100.0 100.0 100.0
10 100 46.1 44.1 84.8 48.1  53.3 953 90.4 90.5 77.6 85.0 87.5 7.7
10 200 221 214 894 264 26.5 98.8 98.8 97.5 76.7 95.3 88.9 72.1
10 500 12.9 10.7 98.6 14.0 10.9 100.0 100.0 100.0 86.6 99.7 97.8 72.8
10 1000 8.9 8.3 99.9 10.3 7.6  100.0 100.0 100.0  95.6 100.0  99.9 81.5
10 2000 6.7 6.6 100.0 7.1 6.3 100.0 100.0 100.0  99.5 100.0 100.0 91.9
10 8000 5.0 5.0 100.0 5.2 5.7 100.0 100.0 100.0 100.0 100.0 100.0 99.9

See the notes to Tables 2 and 6.
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Figure 4: Rejection frequencies (at 5% nominal level) for AAH and AB estimators

when AB restrictions are met and BB restrictions are not met
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See the notes to Tables 2 and 6.
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Table 10: Bias and RMSE of AAH, AB and BB estimators when Arellano and Bond

(AB) restrictions are met and Blundell and Bond (BB) restrictions are not met

Bias (x100) RMSE (x100)
by = 0.4 by =08 by =04 b =0.8
T n AAH AB BB AAH AB BB AAH AB BB AAH AB BB
3 100 117 2722 12.78 270 -82.80 7.92 1413 30.67 16.15  23.20 108.71 21.86
3200 0.59 -26.09 12.59 2.85 -74.35 8.66 841 27.98 14.48 1857 88.08 16.75
3 500 0.56 -24.65 12.53 1.56 -68.10 9.24 499 2558 13.36 8.97 75.64 11.54
31000 0.47 -24.05 12.47 1.58 -63.24 9.18 345 2459 12.88 6.14  68.08 10.45
32000 0.23 -23.84 12.29 0.82 -62.46  9.06 2.42 2413 12.52 401 64.99  9.79
38000 0.13 -23.48 12.30 0.19 -59.44 9.19 1.19 2357 12.36 1.89 6021  9.40
4 100 120 -13.32 14.81 0.54 -49.05 12.90 1170 16.12  16.92 1423  56.54 16.03
4 200 031 -11.97 14.90 0.32  -40.60 14.06 6.95 13.77 15.99 10.33  44.93  15.38
4 500 -0.02  -11.00 15.29 -0.02 -34.86 15.01 330 11.83 15.75 580  36.98 15.52
41000 0.06 -10.57 15.32 0.09 -32.28 15.43 2.36  11.07 15.55 4.03  33.64 15.66
4 2000 -0.08 -10.24 15.33 -0.10  -30.79 15.76 1.65 1053 15.45 2.84  31.56 15.88
4 8000 -0.02  -9.99  15.42 -0.02 -29.56 15.93 0.85 10.07 15.45 144 2978 15.95
5 100 1.02  -10.51 10.92 -0.18 -35.45 11.22 9.96 13.01 13.09 10.03  40.12  13.81
5 200 0.39  -9.59 11.07 -0.29  -30.79 12.01 715 11.02  12.10 6.45 33.16 13.26
5 500 0.01 -8.64 11.46 -0.23  -26.83 12.61 2.58  9.34 11.88 3.75 27.93  13.17
5 1000 0.01 -837 11.53 -0.18  -25.52  12.80 1.80 873 11.76 256  26.10 13.12
5 2000 -0.10  -8.20 11.53 -0.16  -24.67 12.89 126 841 11.65 1.77  25.00 13.06
5 8000 -0.02 -7.88 11.65 -0.05 -23.68 13.01 0.65 7.94 11.68 0.91  23.79 13.06
6 100 075 -7.79  9.94 0.50 -24.23 12.63 812 10.26 11.87 9.35  27.95 13.92
6 200 0.23 -6.59 10.05 0.10 -19.63 13.64 541 805 11.09 6.33  21.65 14.42
6 500 -0.08 -5.89  10.27 -0.36  -16.82 14.47 224 6.56 10.71 3.37  17.70  14.80
6 1000 0.02 -5.49 10.55 2011 -15.52  14.93 1.58 5.89 10.78 230  16.02 15.10
6 2000 -0.05  -5.42 10.54 -0.12  -15.08 15.08 112 563 10.65 1.63  15.35 15.16
6 8000 -0.02  -5.24  10.64 -0.05 -14.53 15.20 0.55 530 10.67 0.81  14.61 15.22
10 100 0.48 -3.18 5.3 0.54 -9.76  9.00 482 6.28  7.42 622 13.10 10.21
10 200 0.16 -2.28  5.52 0.08 -6.46  9.78 272 407  6.41 373 844 1048
10 500 -0.02 -1.85  5.63 -0.07  -4.51 1057 1.67 277 6.02 201 548  10.89
10 1000 -0.01  -1.62  5.74 2012 -3.88  10.69 113 215 5.94 1.36 443  10.87
10 2000 -0.02  -1.58  5.80 -0.07  -3.63 10.84 0.77 1.86  5.90 0.92  3.93 10.93
10 8000 -0.01  -1.53  5.91 -0.02  -3.44 1093 0.38 1.60 5.93 0.45 352 10.96

See the notes to Tables 2 and 6.
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Table 11: Size and power of AAH, AB and BB estimators in experiments when AB

and BB restrictions are not met

Size (5% level, x100) Power (5% level, x100, Hy : ¢ = ¢+ 0.1)
$o = 04 $o =08 $o = 04 $o =03

T n AAH AB BB AAH AB BB AAH AB BB AAH AB BB
3 100 5.4 51.1 68.1 7.4 48.1 56.0 24.4 77.5 40.0 19.3 54.7 33.6
3 200 5.3 74.0 79.7 6.2 54.1 59.6 32.0 94.5 43.6 22.2 62.1 34.2
3 500 4.2 95.0 94.8 3.7 71.3 68.2 54.6 99.7 44.7 32.5 79.0 35.7
3 1000 4.1 99.3 99.8 3.7 84.2 79.1 71.3 99.9 49.4 44.7 91.0 38.7
3 2000 4.4 100.0  100.0 4.1 95.9 92.1 82.3 100.0 55.4 69.2 98.6 41.5
3 8000 3.2 100.0 100.0 4.7 100.0 100.0 86.2 100.0 83.7 93.3 100.0 44.8
4 100 9.3 36.0 84.6 12.1 59.3 81.2 40.7 75.3 55.1 30.8 73.0 50.8
4 200 6.9 46.4 93.8 8.8 63.5 89.3 56.0 89.4 58.3 35.7 79.5 58.7
4 500 6.3 71.5 99.7 6.3 80.7 97.9 84.8 99.7 73.9 50.7 94.3 70.7
4 1000 5.2 90.8  100.0 5.3 93.8 100.0 98.0 100.0 87.0 69.7 98.8 86.4
4 2000 4.8 99.2  100.0 5.6 99.3  100.0 100.0 100.0 96.7 91.4 100.0 96.0
4 8000 5.6 100.0  100.0 5.5 100.0  100.0 100.0 100.0 100.0 100.0 100.0 100.0
5 100 14.3 37.5 79.9 16.5 62.9 82.5 57.3 83.1 51.2 48.3 83.5 56.8
5 200 10.7 46.5 91.3 10.8 72.0 89.7 75.6 95.8 44.2 57.1 92.0 53.0
5 500 6.8 69.2 99.5 6.5 90.4 97.9 96.8 100.0 44.2 81.4 99.0 59.1
5 1000 6.2 90.8  100.0 6.4 98.5 99.8 99.9 100.0 49.5 96.6 100.0 68.2
5 2000 4.8 99.1  100.0 5.7 100.0 100.0 100.0 100.0 58.5 100.0 100.0 77.9
5 8000 5.3 100.0 100.0 5.7 100.0 100.0 100.0 100.0 87.7 100.0 100.0 97.3
6 100 17.5 34.9 83.0 19.9 60.8 91.5 67.4 87.3 53.9 55.3 85.6 66.0
6 200 10.4 37.3 91.4 12.8 62.6 95.3 84.5 96.6 49.6 64.3 92.3 71.3
6 500 7.1 53.7 99.4 8.4 82.8 99.5 99.5 100.0 45.5 87.2 99.6 81.4
6 1000 6.4 74.8  100.0 5.9 95.2  100.0 100.0 100.0 46.1 98.2 100.0 91.2
6 2000 5.4 94.0  100.0 5.8 99.6  100.0 100.0  100.0 5.5 100.0 100.0 97.7
6 8000 4.1 100.0  100.0 4.9 100.0 100.0 100.0 100.0 56.3 100.0 100.0 100.0
10 100 46.1 47.2 83.0 48.1 63.8 93.6 90.4 94.7 78.8 85.0 93.8 77.3
10 200 22.1 27.1 87.1 26.4 44.5 98.0 98.8 99.6 80.8 95.3 97.0 68.4
10 500 12.9 22.8 97.3 14.0 37.5  100.0 100.0 100.0 91.1 99.7 100.0 64.3
10 1000 8.9 24.8 99.9 10.3 46.4  100.0 100.0 100.0 98.0 100.0 100.0 65.1
10 2000 6.7 36.8  100.0 7.1 66.2  100.0 100.0 100.0 99.9 100.0 100.0 67.9
10 8000 5.0 86.9 100.0 5.2 99.6  100.0 100.0 100.0 100.0 100.0 100.0 79.8

See the notes to Tables 2 and 6.
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Table 12: Empirical size and power of Hausman test applied to the difference
between BB and AAH estimators at the 5% nominal level

Fraction of replications (x100)
where Hausman test was not applicable

Rejection rates (x100) due to Var (&aah> —Var (dA)bb> <0
under Hy under H; under Hy under H;
T n ¢g =04 ¢y3=08 ¢g =04 ¢y=08 ¢g =04 ¢y=08 ¢o =04 ¢y=08
3 100 6.64 9.03 68.67 30.28 20.95 13.60 0.40 8.70
3 200 5.80 7.09 81.28 44.49 20.65 12.60 0.10 5.60
3 500 4.71 6.03 84.45 72.06 24.60 11.30 0.00 1.95
3 1000 6.60 6.17 89.75 78.79 23.45 7.65 0.00 0.30
3 2000 8.31 5.95 98.05 82.85 20.55 3.35 0.00 0.00
3 8000 7.22 6.05 100.00 93.25 7.15 0.00 0.00 0.00
4 100 15.27 17.60 93.54 54.08 28.60 11.65 0.10 2.65
4 200 9.92 13.08 99.65 70.67 28.95 11.70 0.00 0.95
4 500 9.41 8.91 100.00 93.25 27.20 9.05 0.00 0.05
4 1000 7.26 8.34 100.00 99.45 26.30 4.65 0.00 0.00
4 2000 8.88 7.28 100.00 100.00 22.30 2.45 0.00 0.00
4 8000 8.41 5.50 100.00 100.00 9.05 0.05 0.00 0.00
5 100 22.13 25.25 87.50 71.27 27.25 9.90 0.00 2.20
5 200 13.10 18.03 99.05 89.37 32.80 11.00 0.00 0.75
5 500 9.59 13.24 100.00 99.50 35.85 11.65 0.00 0.00
5 1000 8.40 10.73 100.00 100.00 36.90 7.70 0.00 0.00
5 2000 6.55 7.92 100.00 100.00 33.55 4.65 0.00 0.00
5 8000 8.26 7.01 100.00 100.00 26.75 0.15 0.00 0.00
6 100 23.32 33.62 88.25 77.15 25.40 6.30 0.00 0.45
6 200 18.06 23.41 98.70 92.80 30.80 7.95 0.00 0.00
6 500 9.90 15.79 100.00 99.85 36.90 9.75 0.00 0.00
6 1000 6.60 14.47 100.00 100.00 39.40 8.45 0.00 0.00
6 2000 6.38 9.78 100.00 100.00 36.55 3.35 0.00 0.00
6 8000 5.97 7.07 100.00 100.00 30.50 0.30 0.00 0.00
10 100 44.92 58.80 79.58 86.42 20.20 4.50 0.10 0.25
10 200 21.62 41.71 91.05 97.10 34.10 9.25 0.00 0.00
10 500 9.29 25.83 99.55 99.95 39.20 18.70 0.00 0.00
10 1000 5.65 20.95 100.00 100.00 45.10 22.90 0.00 0.00
10 2000 4.29 13.21 100.00 100.00 42.95 21.65 0.00 0.00
10 8000 3.63 11.40 100.00 100.00 44.90 14.45 0.00 0.00

Notes: Reported rejection rates under the null correspond to DGP with p = 0 and x = 0, i.e. both AB and BB conditions
are met. Reported rejection rate under alternative correspond to DGP with p = 0 and k # 0, i.e. BB conditions are not met,
whilst AB conditions still hold. See also the notes to Tables 2 and 4.
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A Appendix

This appendix is organized as follows. Section A.1 derives Bs given by (30) and (31). Section A.2 states
and proves a number of lemmas used in the rest of this appendix. Additional propositions and proofs are
given in Section A.3. Section A.4 provides derivation of conditional model for y;; when z; = (yit,xgt)/ is

generated from a panel VAR model with heteroskedastic errors.

A.1 Derivation of B;

Using (29), it readily follows that By = lim, .o n~ ' Y, E (B;3), where
E(Bis) = E (Ay}) + E (Ayd) + 2E (AuppAy;) - (A.1)
Also recall that Ay;1 = uin — (1 — @) (vio — ;) , and  Ayia = Ay + Auyo. Hence E (AujpAy;) = —02,
E(Ayh) =0} +(1— 0 E (yio — 11;)° — 2 (1 — ¢) E [uir (yio — 15)]

and

E (Ayh) = B (6° Ay} + Audy + 20Aupnlyn) = ¢° B (Ay}) + (1 - 20) 0y + 075 (A2)
Using the above results in (A.1) now yields:
E(Big) = (0% —0h) + (1 — )" 0% + (14 ¢°) {(1 = &)" E(yio — 1)* = 2(1 = ¢) Efua (yio — :U‘i)]} :

Hence, as required, we have

where 67 = lim,, .o n ™' > 1, 0%, for t = 1,2, and
1l SR e
Yo =(1=¢) lim ~% B (yio— ;)" =2 lim ~ % Efuir (yio — ;)]
i=1 i1

A.2 Lemmas
Lemma A.1 Suppose y;, fori=1,2,...n, andt = —m; +1,—m; +2,...,1,2,.... T, are generated by (1)
with starting values y; —p,,. Let Assumptions 1-3 hold. Consider

n

_ 1 _ 1
Qnr = -~ ;QiT; and B,r = -~ Z (Qir + Qi +2H;7) ,

i=1
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where Qr = (T —2) ' S L A2, 1, Qip = (T —2) ' S0/ Ay2, and Hir = (T — 2) 71 3205, A Ayig .

Suppose that T is fized. Then, we have

Qur = E (Qur) + 0, (n71?), (A.4)

Bur = E (Bur) + 0y (n71/2) . (A.5)
Proof. Under Assumptions 1-3, the fourth moments of u; and b; are bounded, and hence, using Loéve’s

inequality,'® for each i the fourth moment of Ay;; :

m;—1 t—2
Ay = ¢ b +uin — (1 - ¢) Z dlui o | + Z ¢ A 4y,
=0

£=0

is also bounded, for all values of |¢p| < 1 and m; > 0. Since T is fixed, it follows that the second
moment of Qi = (T —2)"" tT:_; Ay7, | must be bounded, and hence there must exist K such that
ElQir—F (QZ-T)]2 < K. Consider next the cross-sectional average of Q;7—F (Q;r). We have E [Q;,7 — E (Qir)] =
0 by construction, and also Q;7 — E (Q;r) is independently distributed across ¢, since, under Assumptions

1-3, Ay, is independently distributed across i. Hence,

Var {nl > Qir - E(Qm)]} <n?Y EQir — E(Qir)]” < %

i1 i1
and therefore =237, Qi —n 1t S0 E(Qir) = O, (n~Y/2). This completes the proof of (A.4).

Result (A.5) is established similarly. Note that

B 1 n 1 n 1 n 3 B 3
Bnr = — i+ = 2= Hip=Qn i+ 2H, .
T n;czﬂn;@zﬁ n; 7= Qur + Qip + 2Har

The order of Q7 — F (QnT) is given by (A.4). Using the same arguments as in the proof of (A.4), we have
Qlr = E(Qfr) = 0y (n/2) , and Hur — E (Hyr) = 0, (n”'/?).

Hence, B,y — E (B,LT) =Qur—E (Q,LT) + Q:L'T —F (QIT) +2 [ﬁnT —F (FInT)] =0, (n’l/z), and result

(A.5) follows. This completes the proof. m

Lemma A.2 Suppose y;, fori =1,2,...n, andt = —m; +1,—m; +2,...,1,2,.... T, are generated by (1)

with starting values y; _p,,. Let Assumptions 1-3 hold. Consider

B 1 n
Var = - Z; Vir,
1=

Y9See equation (9.62) of Davidson (1994).
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where Vip = ﬁ tT:_Ql (AuitAyw_l + Au, + Aui7t+1Ayit). Suppose that T is fized. Then, we have

Vor = 0, (nfl/Q) . (A.6)
If, in addition, St = lim,, oo n ™" S E (Vﬁp), and T is fixed as n — oo, then

VnVar —4 N (0,S7) . (A7)

Proof. Under Assumptions 2 and 3, V;r is independently distributed of V¢ for all ¢ # j, 4,57 = 1,2,...,n.
In addition, (using (13))

T-1

E (V;T) = ﬁ Z FE (AuitAth,l + Auft + Aui,tHAyit) =0. (AS)

t=2

Also, by Assumptions 2 and 3, sup, ; ¥ luie) T < K, and sup, E |b;|*T¢ < K, for some ¢ > 0, and hence,

using Loéve’s inequality,?’ we have sup; , & |Ayit\4+6 < K. Using Loéve’s inequality again, we have

2+4€/2 2+4¢€/2

E|AuiAyi 1 + Au?, + Aui,HlAyit‘ <K (E ‘AuitAyi’t71‘2+€/2 I E ‘Au?t’ > |Aui,t+1Ayit|2+€/2) .

2 2+€/2

But sup;, E |Au?, = sup;; B |Aug '

< K, as well as sup, , F |Au,'tAyi,t_1|2+e/2 < K, and

2+4¢/2 .
e/ < K, and using

sup; , F |Aui7t+1Ayit|2+6/2 < K. Hence, sup,, F |AUitAyi7t—1 + Auft + Aui7t+1Ayit}
Loéve’s inequality again, we have

sup E (MTF*E/?) < K. (A.9)
It follows also that sup, E (VZQT) < K, and given that V;r is independently distributed over i, we have
(V) =2 Y S E(VirVir) —n 2 S B (V) < X
n

i=1 j=1 i=1
and result (A.6) follows. To establish (A.7), we note that (A.9) holds, and therefore the Lyapunov con-
dition holds (see Theorem 23.12 of Davidson, 1994). Hence, noting also that n=*>""" | E (V) — Sr by
assumption, we obtain v/nV,r —4 N (0, St), as required. m

A.3 Propositions and Proofs

Theorem 1 is established in the main text. This section presents propositions for the consistency of S

208ee equation (9.62) of Davidson (1994).
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Proposition 1 Suppose conditions of Theorem 1 hold, and consider ) defined by (34), namely

where Bz = 0 S (Qur + Qi + 2Hir ), Hinr = (T =27 15 Madyiaor, Ay = Ay —

(bnTAyi’t*lf

T-1

X 1 X X )

Vint = 75 > (A Ayip1 + AT, + Ay 1 Ayie)
=2

and &,LT is the \/n-consistent BMM estimator given by (16). Let T be fived as n — oco. Then,

EnT —>p ET, (AIO)

where X is defined in (32)

Proof. Using Theorem 1, we have ¢,; = ¢y + O, (n=%/2), and therefore Aty = Ay — GrrAyis_1 is
consistent, namely Ad;; — Auyy = — ((ESHT — (j)o) Ayi—1 = O (nil/g). This implies lffi,nT is consistent,
which in turn implies EnT — Bur —p 0. But, using result (A.5) of Lemma A.1, we have B,r —p B (BnT),

and F (BnT) — Bp. Therefore EnT —p By. Since By > 0 by assumption, it follows that
+ —p B32. (A.11)
Next consider n=! Y% | anT, and note that

. . 2 . 2 . )

Vi = [(Viwr = Vir) + Vir| = (Vir = Vi) +2 (Vir = Vi) Vir + Vi,

where Vi = (T — 2)_1 tT:_21 (AUitAyi,t—l + Au?, + Auivt_HAyit). Using Ay, it — Aty i = O (n*1/2), we

have VimT —Vir =0, (n_1/2). Noting also that Vi = O, (1), we then have
. 2 no
nt Z (%JLT -Vi > —, 0, and ™! Z (VMT _ ViT) Vir — 0. (A.12)
i i=1

Finally, to obtain the limiting property of n='> ", Vi2. note that by assumption V7 is independently

2+€/2

distributed over i. Also, as established in (A.9), we have sup, E |V;r| < K for some € > 0. It follows

that n=' Y"1 | [VZ — E (V4)] —, 0, and therefore (noting that n='Y""" | E (V%) — Sr by assumption)
we have

n' > Vi =y S (A.13)
i=1

Result (A.10) now follows from (A.11), (A.12), and (A.13). m
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A.4 Derivation of conditional model for y; when z; = (y4,x},) is given by a

panel VAR model

Suppose z;; = (yir,%};)" is generated from panel VAR(1) model given by equation (42) in the paper. Indi-

vidual equations for y;; and x;; in (42) are

Yit = Qiy+P11Yit—1+ ¢;,in¢—1 + Uy it (A.14)

Xit = Qg+ Quy¥it—1+ PuaXit—1 + Uy it, (A.15)

/

— Y _ ) / . s .
where a; = (@i, o), Wi = (uy,it, 0, ;) , and @ is partitioned as:

¢11 ¢;x
d)xy @ICE

@:

Suppose that the errors, u;, are heteroskedastic over ¢ and ¢, and let

!
w i w :
/ yy,it zy,it
E (uituit) = Qit = ’ 5

Way,it wa,it

for all ¢ and t. Using linear projection of u, s on u, i, we have
Uy,it = 00z it + 1y, (A.16)
where 0;; = Q;xl’ithy,it, and cov (1;;, Uy ) = 0. Then using (A.16) and (A.15) in (A.14), we have

Yit = iy + On¥is—1 + @pXie—1 + 05 (Xit — Qi — DuyYii—1 — PaaXig—1) + 04,

(O‘iy - O;Ztaix) + (¢11 - 9;t¢xy) Yit—1 + ((ﬁ;x - O(itq’m) Xit—1 + Ny (A.17)

where cov (1;,,%is) = 0 for all 4,¢t and s, and recall that n,, is serially uncorrelated. It is clear that the

conditional model (A.17) will have homogeneous slopes only if 8;; = Q;ml)itwwy,it = @ for all 7 and t¢.

51





