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Abstract

Inflation expectations are a crucial element in economic theory and monetary pol-
icy. As such, their developments are nowadays closely monitored by researchers and
policymakers alike. Yet, the analysis is often restricted to single point estimates. This
paper presents a new methodology to extract measures of inflation risks from the
probability distributions of the Survey of Professional Forecasters (SPF) and provides
some stylised facts about their dynamics. We also illustrate how a combined analysis
of movements in all three first moments of inflation expectations may shed new light
on some puzzling episodes in the US bond market.
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“..we must consider not only what appears to be the most likely outcome,
but also the risks to that outlook...”

— Testimony of Fed Chairman Ben Bernanke to U.S. Senate, July 19, 2006 —

1 Introduction

Inflation expectations are a crucial element in economic theory and monetary policy. As
such, their developments are nowadays closely monitored by researchers and policymakers
alike. Yet, attention is often restricted to point estimates, while forecasts are, by nature,
probabilistic statements. A point forecast is sufficient to characterize optimal economic
decisions, and thereby aggregate outcomes and asset prices, only under very restrictive
assumptions. In general, the risks surrounding the baseline scenario of any forecast also
matter, and monetary policy decisions should take them into account.

There seems to be two main reasons why attention is often restricted to point estimates.
First, the lack of quantitative evidence on the risks surrounding inflation expectations.!
Unfortunately, the overwhelming majority of surveys of inflation expectations only request
a single number, making it impossible to gauge the risks surrounding the forecasts. The
second problem, a somewhat natural consequence of the lack of reliable measures of in-
flation risks, appears to be some reservations regarding their information content beyond
that of the point estimates to explain key macroeconomic phenomena.’

This paper is a first step towards overcoming those two limitations. First, we seek to
provide reliable quantitative evidence on the inflation risks surrounding subjective prob-
abilistic forecasts. The Survey of Professional Forecasters (SPF), currently conducted by
the Federal Reserve Bank of Philadelphia, offers the possibility to obtain information about
the higher-order moments of inflation forecasts because survey participants are asked to
assign probabilities to the likelihood of future inflation falling into pre-specified ranges, i.e.
a density forecast in the form of a histogram. Extracting accurate measures of risks from
those histograms has been the subject of significant research since the pioneering work
by Zarnowitz and Llambros [1987] and Lahiri et al. [1988] but has proved quite challeng-
ing.> This paper provides a new methodology to analyse those probabilistic forecasts and
documents key stylised facts about their dynamics over the last four decades.

To accurately measure inflation risks, this paper departs from existing literature in
several aspects. We interpret the SPF histograms as a realisation of a multinomial dis-
tribution through which a (true) underlying density forecast is discretized. The reported
histograms then reflect how many of the "draws" taken from the underlying subjective dis-
tribution lie within each of the intervals set up in the questionnaire. This naturally lends
structure to the statistical problem of recovering the underlying density function from
the reported histograms, and that structure provides some crucial insights concerning the

! Given that the randomness of inflation agents face will be summarised by statistical moments of the
probabilistic forecasts reflecting SPF panellists’ subjective beliefs, we find it appropriate to refer to inflation
"risks" instead of (knightian) inflation "uncertainty” (see Machina and Rothchild [2007]).

2An additonal general concern about survey data is that participants have little incentives to provide
their true expectations. However, the superior forecasting performance of surveys recently documented by
Ang et al. [2006] casts some doubt on such concerns.

*In search for more reliable estimates, Giordani and Séderlind [2003] proposed fitting a normal distri-
bution to the SPF histograms instead of the non-parametric methods of earlier literature. More recently,
some alternative approaches to overcome the shortcomings of fitting a normal distribution to the SPF
histograms and measure inflation uncertainty have been proposed (see Engelberg et al. [2006], Rich and
Tracy [2006] and D’Amico and Orphanides [2006]).



appropriate methodology for the problem at hand. Against this background, we propose a
small departure from maximum likelihood estimation that provides the robustness needed
to extract reliable measures of inflation risks from the SPF histograms. For instance, that
robustness allows us to employ a potentially skewed distribution and "let the data speak"
about perceived asymmetries in inflation risks. Monte Carlo evidence confirms that these
methodological contributions lead to significant accuracy gains in our estimates of the
mean forecasts and the uncertainty surrounding them.

We document key stylised facts about perceived inflation risks and their dynamics over
the last 40 years. They rose sharply with the oil price crises of the 1970s, but also remained
relatively high for most of 1980s, before experiencing a significant decline that still persists.
Central tendency measures are strongly correlated with uncertainty measures but little
with the measures of asymmetry in risks, and higher inflation and higher inflation volatility
have been usually associated with higher inflation uncertainty. The business cycle appears
to have a strong influence on inflation risks, but that relationship seems to be forward-
looking: inflation risks tend to decline ahead of recessions, are strongly influenced by the
perceived uncertainty about real GDP growth and also respond to the perceived probability
of recession over the horizon of the inflation forecast. Outside recession periods since the
early 1990s the impact of the business cycle on both inflation uncertainty and upside
risks seems to have weakened significantly. Importantly, although there is some degree of
comovement among the three first moments of inflation forecasts, limiting attention to a
point estimate, the mean or any kind of location measure, is not sufficient to characterise
all the variation in inflation expectations.

We also investigate the extent to which our evidence on the uncertainty and skew-
ness embodied in inflation expectations may shed new light on some puzzling episodes in
bond markets, via the potential relationship between perceived inflation risks and premia
embodied in bond yields. In particular, we explore the dynamics of perceived inflation
risks during the Volcker disinflation period. Most of existing research has focused on the
so-called "inflation scares" faced by the Volcker Fed (see Goodfriend [1993], Goodfriend
and King [2005] among others) but a thorough analysis of direct measures of inflation
expectations over that period appears missing. This paper aims at filling that void. Our
analysis confirms that it took quite long for the Volcker Fed to acquire the desired credi-
bility. It also suggests that changes in perceived inflation risks, particularly upside risks to
the inflation outlook, are a fundamental element to understand movements in long-term
rates in the 1980s.

The paper is organised as follows. Section 2 presents our methodology to measure
the inflation risks embodied in the SPF probabilistic forecasts, in particular our choice of
theoretical density function and fitting criterion. Monte Carlo evidence providing quan-
titative support for the theoretical arguments underpinning our proposed methodology
is presented in Section 3, and the main insights from the estimation of the individual
and the consensus SPF probability distributions are documented in Section 4. The re-
lationship between different moments of inflation forecasts as well as inflation risks and
key macroeconomic variables is also reported there. Section 5 focuses on the dynamics of
private sector beliefs about inflation during the Volcker disinflation period in the light of
our inflation risk measures. Finally Section 6 concludes.



2 A new methodology to analyse the SPF forecasts

The Survey of Professional Forecasters (SPF) gathers information about the subjective
probability a number of panelists assign to some macroeconomic variable (inflation and
output growth)? falling within a number of predetermined intervals of the form (e, a;y1],
i =0,...,I . Except for the first and the last intervals, which are one-side open (i.e.
g = —oo and oy = 00), all central intervals in each survey round have equal length.’
As a result, survey probability distributions, either from individual forecasters or from
the aggregation across panelists, are reported in the form of histograms, which reflect the
relative probabilities assigned to each interval.

We interpret each of those histograms as a discretized version of a subjective density
forecast of inflation for a given horizon. A thorough analysis of the information content of
the forecast requires the underlying density forecast on which the observed histogram is
based to be recovered from the reported frequencies. In probabilistic terms, we can denote
each subjective underlying probability as fr/r—r,, where F is a discrete random variable
that selects a forecaster Fj among the whole panel, £k = 1,..., K. In turn, the unknown
underlying density function frp—g will be assumed to belong to a suitable parametric
family of distributions fr p—p, = f,, where g € © C RP and p is the number of para-
meters characterising the family distribution. Each survey participant provides a discrete
version of that underlying subjective probability distribution. In theory, the survey re-
ply should exactly correspond to the set of integrals of the underlying density function
Dik 1= f;i“ fr|F=F,(z)dz, calculated over each of the intervals (a;, avi11] specified in the
survey questionnaire. In practice, however, it is unlikely that survey participants compute
those integrals to discretise their subjective density forecast and fill in the questionnaire.

Our working assumption is that the probability distributions reported by survey par-
ticipants are derived as if a number of “random draws” were taken from their underlying
subjective density frp—p,, and the reported figures reflect how many of those draws
lie within each interval (a;,a;y1].5 Hence, formally, we interpret the set of frequencies
provided by the kth forecaster (pjx, ¢ = 0,...,I) as a summary of the realisations of a
multinomial random variable with I classes, whereby the underlying probability for each
class can be defined as p;; = foi”l frip=r, (x)dz.

Denoting by {ZM}J.:LM’” the random draws of the discretized multinomial variable
underlying the survey response of the kth forecaster, we have:

T ~
[[i—o(miDix)!
v {Z‘j7k}.7:177nk

P(Zig =21k s Znp o = Znp e | Dis--sDI—1k) =

That expression shows that the set of reported frequencies contains all the information
in the sample about the unknown parameter vector g;. It follows that the frequencies,

*In this paper we restrict the analysis to the inflation density forecasts, but our methodology can also
be applied to the growth density forecasts. The latter, although also available for a relatively long period,
however suffer from the lack of an homogeneous sample as the survey changed from nominal to real growth
in the 1980s.

®Note that although the length of the intervals in the questionnaire has changed over time, the proposed
methodology can easily accommodate those changes.

®Obviously, the larger the number of observations drawn, the more the relative frequencies reported
approach the values of the integrals described above. Note that in any case the assumption of a concrete
number of draws is not needed for the methodology presented here.



Dik, are a sufficient statistic for estimating the theoretical probabilities p;; in this simple
multinomial framework.”

There are a number of important insights that can be obtained from the interpretation
of the statistical problem at hand in the context of the (parametric) multinomial framework
outlined above. First, the link between the unknown underlying density function frp—p,
and the observed histograms is formalised. This implies an explicit consideration of the
stochastic nature of the statistical problem, which, for example, provides a rationale for
the likely presence of rounded probabilities in the SPF data. Second, despite the fact
that the multinomial framework does not impose any restrictions on the functional form
of the underlying subjective density fr r—p, it naturally lends structure to the statistical
problem at hand, thereby providing some crucial insights that have been overlooked in
previous work on this topic. The next sections analyse them in detail.

2.1 The choice of fitting criterion

Our inference problem is to find a parameter vector ¢ characterising a density function
such that the resulting vector of interval probabilities is closest to the reported frequencies
in the SPF histograms. As the purpose of the exercise is to obtain reliable estimates
that help summarise the information content of the SPF distributions, adequate large
sample properties of such estimators (consistency, asymptotic normality and asymptotic
efficiency®) are clearly desirable. In addition, and given the particular features of the SPF
probability distributions, robustness in small samples is also a highly desirable property.
This section provides a detailed discussion of the statistical considerations behind our
approach.

Recent literature that considers the appropriateness of fitting parametric densities to
the SPF histograms (Giordani and Séderlind [2003], Rich and Tracy [2006], Engelberg et
al.[2006], D’ Amico and Orphanides [2006]) has considered least squares as fitting criterion,
i.e. minimising the sum of the squared deviations of the observed probabilities with respect
to the theoretical ones over the set of intervals. Formally, LS = Zfzo (Pi — pi(0))?.

However, minimising the LS criterion (although consistent) is not efficient, for it does
not use all available information in the problem at hand. The Appendix elaborates on the
shortcomings of (unweighted) least squares in this context, but, intuitively, they stem from
the fact that while the LS criterion assigns equal weighting to the fitting errors for each
interval, an efficient method would further exploit the fact that SPF data shows a strong
bell shape and assign different weights to the fitting errors depending on the probability
assigned to them.

Maximum likelihood is a natural alternative in the context of the multinomial frame-
work outlined above. Indeed, for any given histogram the sufficiency of the vector of
frequencies {p;}, i = 0,...,I — 1, implies that maximum likelihood would deliver a con-
sistent, asymptotically normal and efficient estimate for the vector ¢ . Specifically the
function to be maximised with respect to o would be: ?

"See, for instance, Witting [1985] for a general development on sufficiency for discrete distributions and
information theoretical implications.

8 Consistency, in the sense that the estimator g converges to the true parameter value in probability as
the number of observations (draws from the true density forecast in our multinomial framework) n — oco.
Asymptotic efficiency, in the standard sense that no other estimator has smaller variance, as n — oo.

The likelihood is Ty ()] [Ticopi™.



I
loglik(Po, .-, pr,0) o Y _ pilogpi(o) (1)
i=0

or, equivalently, minimise the log-likelihood ratio G2 below '0:

I

I
G* = pilogpi — loglik(po,...,pr.0) = »_ pilog(pi/pi(0)) (2)
=0 1=0

Applying maximum likelihood estimation to the SPF data is however problematic in prac-
tise for two reasons. First, numerical problems stemming from the low probabilities as-
signed to some of the intervals in the questionnaire, in particular those very close to zero,
are likely to arise. Second, in the case of the SPF data, the robustness of the estimator
is particularly important given the potential "contamination” in the survey responses,
which is likely to arise both from model specification (i.e. possible misspecification of the
of the theoretical density function assumed) and from "loose" reporting of the discreti-
sation (sloppy handwriting, rounding practices etc ) in the SPF histograms. An optimal
estimator should therefore exhibit robustness to those features of the SPF data.

Small departures from maximum likelihood estimation in the context of the estimation
of multinomial distributions have been extensively studied in the statistical literature. For
example, Cressie and Read [1988] propose a family of (efficient) estimators, indexed by
the parameter 7 € R), known as "power divergence estimators" (PDE henceforth), that
can be defined in general terms as the estimators obtained by minimising with respect to
o the following expression:!!

() = (1“)21;1? (7 )T—l] 3)

pi(0)

To see the close relationship to maximum likelihood consider the limiting case of 7 =0
in equation (3) above

1 ~

I"=1lmI™ = [ﬁilogm+ pi —pilo ]
tm " = 32 [filos s+ i)

from which it is immediate that minimizing I° with respect to o is equivalent to minimizing
the log-likelihood G2(see equation (2)).!? Hence maximum likelihood can be interpreted
as a limit case of a broader family of criteria.

Cressie and Read [1984] show that, under Birch’s [1964] mild regularity conditions,
which are satisfied by our model setup, the power divergence estimators described above
satisfy the desired large sample properties, namely consistency, asymptotic efficiency and
asymptotic normality delivered by maximum likelihood. Lindsay [1994] proves that, in

0The likelihood ratio G? is obtained by changing sign and adding the quantity (non dependent on p)
Zf:o Dilogp; . In order to allow for a direct comparison to existing results here we follow the notation of
Cressie and Read [1988].

"' The family of power distance estimators encompasses many widely-used estimators such as the Chi-
Square criteria of Pearson and Neyman, the Hellinger distance, and the Kullback-Leibler divergence. See
Appendix for further details.

2Note that it trivially holds that Zf:oﬁi —pi(0) =0,Vpo€O.



addition, power divergence estimators are all first-order efficient, the latter being an alter-
native characterization of the speed of convergence.

However, there are potential pitfalls in transferring those optimal asymptotic proper-
ties to small samples, as more robust power distance estimators can perform relatively
poorly in terms of efficiency compared to the maximum likelihood estimator when the
underlying sample size (in our context the unobservable number of draws carried out to
fill in the questionnaire) is small. Our choice of optimal criterion, i.e. the choice of the
index parameter 7, therefore also takes into account the small sample properties of the
power divergence estimators and the characteristics of the SPF data.

Specifically, an inspection of the SPF data suggests that numerical robustness to inliers
(i.e. intervals with much lower observed frequency than the theoretical probability ob-
tained from the model density would suggest, for example related to rounding practises),
is quite important while outliers are relatively unlikely to be found. For example, about
20% of the respondents assign non-zero probabilities to two bins or less which restricts
significantly the information available to the researcher. For such cases, existing results
from the comparison of the performance of PDE in the presence of inliers (see Lindsay
[1994]) suggest applying a positive, though relatively low, value of the parameter 7. Indeed
Cressie and Read [1988] recommend 7 = 2/3. Some Monte-Carlo simulations specifically
designed to match the particularities of the SPF data appear to confirm that evidence,
warranting , among other insights, the use of a positive but rather low 7 (see Section 3.2
below).!3

Taking into account the small sample properties and robustness of the fitting crite-
rion is particularly important in the analysis of the SPF data. Our approach (to be fully
specified below), being robust to data inliers, can be uniformly applied across the panel of
forecasters. Previous research has instead often been forced to make additional assump-
tions for the estimation of the densities of those forecasters who fill in a low number of
intervals in the questionnaire, thereby employing several different approaches across the
panel of respondents.

2.2 The choice of theoretical density function: the skew-normal family
of distributions

Most of the recent literature has focused on extracting information about the first two mo-
ments of inflation expectations and neglected the importance of accounting for higher-order
moments in their estimation. Allowing for potential asymmetries in the SPF distributions
is however important for several reasons. First, it is likely to enhance the reliability of
our estimates of the first two moments. Second, it provides a substantially larger set of
information compared to previous analyses of the SPF data. The degree of asymmetry
surrounding the central expectation (the so-called "balance of risks") has also generated
substantial interest in recent years and, for example, plays a prominent role in the inflation
density forecast published by some important central banks in the form of the so-called
"fan-charts".

13Instead, when the presence of outliers is suspected, a negative 7 is advisable to dampen their impact
on the criterion (Lindsay [1994]).

Y“For instance, Engelberg et al. [2006] employ a triangular distribution for those histograms with less
than three active bins and a beta for the rest. Rich and Tracy [2006] propose using information from the
point estimates reported by the forecasters in the framework advocated by Wallis [2005], while D’Amico and
Orphanides [2006] proposes direct fitting of the cumulative distribution of inflation uncertainty measures.



The goal of extracting as much information as possible from the reported distributions
should however be weighted against the constraint imposed by the limited amount of in-
formation embodied in the reported histograms. The robustness of our proposed fitting
criterion however allows us to comfortably handle even those survey replies with proba-
bility concentrated in very few bins. Nevertheless, the need to keep the exercise feasible
leads us to consider a three-parameter density family and focus attention on the first three
moments of the distribution.

The second novelty of this paper is the choice of a potentially skewed density function:
the skew-normal distribution (see Azzalini [1985]). This family of distributions has several
advantages for our purpose here. It is a relatively parsimonious density function (fully
defined by three parameters). Nevertheless, under appropriate parametrisation, it provides
a direct one-to-one mapping between its three parameters and the mean, variance and
skewness of the distribution, which is very convenient for our exercise.'> We therefore "let
the data speak" about potential asymmetries present in the SPF data without restricting
our estimates of the other moments of the distribution. Moreover, the skew-normal class,
though very flexible in its shape, always remains unimodal, which is a reasonable premise
when dealing with macroeconomic expectations.

More formally, the class is built, as in the case of normal distributions, by shifting and
re-scaling a standard distribution with density function defined as

N(z) =20(z)2(\z) z€R

where ¢ and ® are the standard normal density and distribution functions, respectively,
and A € R is the shape parameter.'® In what follows, we shall use the abbreviation
SN(A) for the standard skew-normal distribution just defined. For practical applications,
a general random variable Y is said to be skew-normal distributed when it can be written
as

Z — E|Z
y=p+o (2222 2 sny
V(Z)
The first three central moments of Y are then expressed as'’
ElY] = p
V(YY) = o°

Y) = y= (26> —1)b%/ (1 - 1%6?)*?

where b = \/2/r and & = A/y/(1+A?).

Figure 1 presents four density functions of skewnormal distributions of zero mean, unit
variance and four different values of the shape parameter \.'8

15We also experimented with other more parsimonious but also potentially asymmetric distributions,
for example the beta and related family of distributions. However, the fact that only two parameters
determine the three moments of interest imposes undesired constraints on their estimation.

167t is immediate to verify that for A = 0, the skew-normal becomes the standard normal distribution.
Moreover, if Z is a SN(A)-distributed random variable, then —Z is a SN(—\) random variable. The
sign of A\ thus simply indicates the direction of the skewness (see Azzalini [1985] for the properties of the
distribution).

" This parameterisation avoids inference problems stemming from singularities in the Fisher information
matrix (see Azzalini [1985] and Pewsey [2000]). It is interesting to note that v € (—0.995,0.995), and it is
a monotonous function of the shape parameter A, sharing its sign.

'8The theoretical probabilities, pi(u,o,v) = Fy(ai+1) — Fy (o), can be computed numerically us-



Figure 1 Examples of skewnormal densities
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3 An assessment of our proposed methodology

This section highlights the advantages of the methodology that we described in the previ-
ous sections to estimate the key moments of the SPF probabilistic forecasts. Two pieces
of information are provided. First we illustrate through qualitative examples how allowing
for a potentially skewed distribution is crucial to correctly pin down the two lower-order
moments of the distribution. Then we provide some quantitative evidence on those im-
provements.

3.1 Fitting continuos densities to the SPF histograms: some practical
considerations

Previous approaches to fit continuos densities to the SPF histograms have encountered two
related problems. First, the fitting of a continuos density to the individual responses is
often complicated by the fact that some respondents only assign probabilities to a limited
number of bins, possibly due to some rounding, which makes more difficult the identifica-
tion of the parameters of the underlying distribution. Second, a visual inspection of the
SPF histograms also suggests that a non-negligible proportion of respondents appears to
report an asymmetric distribution of risks in their density forecasts. In those cases, it is
immediate that imposing by assumption symmetry in the theoretical density, for exam-
ple by using a two-parameter distribution such as the normal, would potentially bias the
estimates of the first two moments of the distribution thereby recovered.

We have argued that the methodology proposed in this paper can overcome those two
problems. Specifically the robustness to inliers of our estimator allows for taking into
account the information conveyed by the empty bins surrounding those to which some
positive probability has been assigned, thereby helping in the identification of the optimal
shape of the distribution. This possibility is fully exploited by means of the skew-normal

ing the fact (see Azzalini[1985]) that Fz i(z) = ®(z) — 2T(z,\), whereby T'(z,\) is the Owen func-

tion, for which efficient and precise approximations exist (Patefield and Tandy[2000]), since Fy (o) =
Fza (1= (00)°)'7% (232) +05).



distribution, whose flexibility allows for handling those histograms with rather skewed
distribution of probabilities across their bins. Figure 2 illustrates with an actual example.

Figure 2: Skew-normal versus normal fitting
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The inflation forecast corresponds to forecaster 541 in the 2005Q3 survey round.

It is immediate from the picture that the shape of the histogram, although relatively
bell-shaped, can hardly be reconciliated with a symmetric distribution. The skew-normal
matches the features of the histogram better . That particular example also shows that
the increased flexibility stemming from the endogenous skew of our theoretical distribu-
tion is very important for extracting reliable estimates of the first two moments of the
probabilistic forecast. In particular, in the presence of asymmetry, the difference in the
estimation of the variance of the distribution is already visible in Figure 2. The next
section provides some additional quantitative evidence.

3.2 Accuracy gains of the proposed methodology: Monte Carlo evidence

The purpose of our Monte Carlo experiments is twofold. First, to guide our selection of
estimator within the family of power divergence estimators (PDFE(7*) henceforth), i.e. the
appropriate choice of 7 for the SPF-type of data. Second, to provide some quantitative
evidence on the relative improvements from the methodological contributions proposed
in this paper (namely the fitting criterion PDE(7*) and the skew-normal distribution)
compared with the (unweighted) LS criterion and the normal distribution employed in
earlier literature.

The Monte Carlo experiments are designed as follows. Pseudo-random draws are taken
from different underlying densities that range from a skewnormal with a high degree of
asymmetry (v = 0.9) to the symmetric normal distribution (y = 0), and histograms are
formed on the basis of the relative frequencies over a grid of intervals similar to the actual
SPF questionnaire.! The parameters of the underlying distributions are then estimated
from those histograms using four different combinations of theoretical densities and fitting

""Pseudo-random draws from the SN distribution were obtained following Henze [1986]. The range of
intervals is (—o0,0),[0,1),[1,2)...,[7, 8),[8, +00).
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criteria (Normal and Skew-normal densities, and LS and PDE(7*)). Therefore, these
numerical results allow for assessing the accuracy gains stemming from the separate or
combined use of the two methodological contributions introduced in this paper.

First we focus on the qualitative implications of the choice of 7 by examining esti-
mation errors. Ideally, the chosen parameter should simultaneously minimize estimation
errors incurred for all three density parameters (u,o,), but in practice such optimality
is unlikely. Our simulations suggest that the performance of the estimators is relatively
similar within the (—0.5,1) range for the three estimated parameters.?’ Since a low but
positive value of 7 seems reasonable to cope with the inlier-related problems discussed in
the previous section, we chose 7" = 0.2. Our proposed approach is therefore fully specified
as PDE(1=0.2, SN)). We now turn to analyse its performance in detail.

The results of the Monte Carlo simulations show significant accuracy gains from each of
the two methodological contributions introduced in previous sections, and even stronger
ones when both of them are used jointly. Such gains are illustrated in the four charts
below. We here focus on the results based on 50-draw samples and a few key results, but
a comprehensive sensitivity analysis of the accuracy gains in terms of estimation criterion,
true underlying distribution and sample size can be found in the Appendix.?!

First, the estimator PDFE(7*) proposed in this paper clearly outperforms (unweighted)
LS for both the mean (1) and standard deviation (o), thereby providing some quantitative
support for our theoretical argumentation that both kinds of estimators are consistent but
only minimum disparity estimators are efficient. Figure 3 illustrates the gains in terms of
the percentage decline in the mean square error (MSE) from using the PDE(7*) criterion
with respect to LS when fitting a SN density to samples generated from distributions with
different degrees of asymmetry. Both for the mean and for the standard deviation the
decline in MSE is of at least 20% in all cases. Moreover, these gains appear to be robust
not only with respect to the degree of asymmetry present in the data but also to the choice
of model distribution to fit the data: while the results depicted in Figure 4 are based on
the use of the SN as model distribution, the comparison of the results of using the normal
distribution with both fitting criteria reveal similar accuracy gains (see Appendix).??

20 Alternative values of the mean and the standard deviation were explored and led to the same qualitative
conclusions. Besides, different sample sizes were also considered, but apart from the expected convergence
at the usual n™! rate, no noticeable differences were found. For further information see Annex III.

218pecifically, each of the columns of the tables in the annex respectively correspond to the power
distance estimator (PDE) using a skew-normal density (PDE(7*), SN)), i.e. our proposed methodology,
the power distance estimator using a normal density (PDE(7*), N), the standard least squares criterion
using the Skew-normal density (LS (SN)) and the least squares criterion using the normal density (LS
(N)). Their performance is measured by mean square errors (MSE), mean absolute errors (MAE), and the
empirical bias obtained from 1000 simulated samples of the different sizes.

?2Compare columns 1 and 3 (for mean) and columns 5 and 7 (for variance).
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Figure 3: Fitting criterion gains (MSE) Figure 4: Density gains (MSE)
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Figure 5: Overall gains from LS,N (MSE) Figure 6: Overall gains from LS,N (MAE)
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Note: The charts depict the percentage reduction in the estimation error (mean absolute error (MAE) and mean square error (MSE))
of our methodology with respect to the least squares (LS) fitting criterion and/or the standard normal (N) density for the mean and
the variance of the distribution. Specifically, Figure 3 reports the percentage reduction in the MSE from using our fitting criterion
instead of LS for the Skew-Normal (SN) distribution, Figure 4 for using the SN instead of the N with our fitting criterion, and Figures
5 and 6 from using our fitting criterion and the SN instead of LS and the N distribtuion. The results are based on 1000 simulations

from skew-normal distributions with four different degrees of skewness, as indicated in the horizontal axis.

Second, there are strong accuracy gains in the estimation of the key moments of the
distribution stemming from the use of a potentially asymmetric theoretical density function
— such as the SN proposed here — rather than imposing symmetry in the estimation by
the use of the normal density. Figure 4 depicts the percentage gains in terms of MSE
from using the SN rather than the normal distribution to fit the data. These gains seem
to be more limited, but is has also to be taken into account that the reported figures are
based on the use of our proposed fitting criterion. Again, if a less efficient method, such
as LS, were to be used with both distributions the gains from employing the SN would
be significantly larger (see Appendix).?? It is particularly noteworthy that the SN still
performs well in the estimation of the two first moments even in the case of symmetry in
the true DGP. This is very encouraging, for it is difficult to assess a priori the degree of
asymmetry present in the actual SPF data, and it could be possible that, since the SN
model is overparameterised in the case of fitting symmetric data, estimation errors would
be higher than using the symmetric normal distribution. It however appears that the
flexibility of the SN clearly overcomes potential problems related to overparameterisation.
Particularly in small samples (i.e. discretisations based on relatively small number of
draws) it has to be taken into account that pinning down the true parameters of the DGP
is problematic, and our results suggest that the SN is capable of accommodating deviations

3 Compare columns 3 and 4 (for mean) and columns 7 and 8 (for variance).
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from normality through its shape parameter without compromising the estimation of the
first two moments.

Third, the joint use of the two methodological contributions discussed in previous
sections, namely PDE(7*) as fitting criterion and SN as underlying distribution, yields
very strong performance gains over LS fitting assuming a normal distribution. Figures
5 and 6 illustrate the accuracy gains in terms of mean square errors (MSE) and mean
absolute errors (MAE) respectively. Both for the mean and the standard deviation the
improvement in terms of the MSE is of about 40%. In terms of the MAE, the improvement,
although somewhat lower than for the MSE, is also substantial (above 20% in all cases).

In sum, the results of our Monte Carlo exercise confirm that the methodology proposed
in this paper provides quite accurate estimates for the first two moments of the SPF
distributions. However, it is also important to note that our use of the SN as theoretical
distribution also provides information about the third moment of the distribution. As
pointed out before, most of the existing literature has restricted attention exclusively
to the first two moments of inflation expectations. Therefore, as this is a novelty of
our analysis, we also assess the accuracy of the proposed methodology to pin down the
skewness of the distribution.

Figure 7 depicts the mean estimation error for different sample sizes. The data gen-
erating process is always a SN, where we try different values of the true v parameter in
order to gauge the performance of our method under different degrees of asymmetry in
the data.?!

Figure 7: Estimation of skewness parameter: forecast error (absolute values)
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The reported mean absolute errors are based on 1000 simulations for each distribution.

Several features are noticeable from the Figure. First, estimation errors are rather
small in all cases: they are below 0.1 on average, the only exception being the combina-
tion of rather small sample size (n=20) and highly skewed distribution (y=0.9), a very
challenging combination that should nonetheless be consider a rather extreme hypothetical

2"Note that it is sufficient to conduct the simulations for zero and positive values of gamma due the
symmetry of the skewnormal distribution with respect to ~.
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case. Second, in general, it appears to be more challenging to pin down the skewness for
the case of highly asymmetrical distributions. For instance, estimation errors are negligi-
ble for symmetric distributions even for rather small samples sizes, but appear to increase
with the degree of asymmetry present in the true data independently of the sample size.
Finally, a tendency towards a slight positive bias is also observable in our simulations. This
tendency appears to be related to the parametrisation discussed in Section 2.2. This is
particularly relevant in the case of heavily skewed distributions (7=0.9), in which numer-
ical estimates tend to be pushed towards the upper bound (the lower bound for negative
). Therefore, this is not likely to affect in any strong way the qualitative information
content of our estimates, i.e. the presence of marked skewness in inflation expectations
would be identified in our approach.

Overall, the first two moments are easier to pin down than the skewness parameter,
but our simulations suggest that the asymptotic rate of convergence for the estimated
skewness parameter is linear, despite its (finite sample) variance being higher than for the
first two moments, in line with existing results (Pewsey [2000]).

4 Risks in inflation expectations

This section investigates the information content of the actual SPF probability distribu-
tions in the period 1968Q4-2006QQ1. The SPF questionnaire requests density forecasts for
inflation over the current (since 1981Q3 also the next) calendar year for four consecutive
quarters. Using our methodology we estimate the forecasters’s baseline scenario (for ex-
ample the mean of the distribution), as well as the uncertainty surrounding it (i.e. the
variance) and the risk assessment (i.e. skewness) associated with that baseline scenario
from the reported probability distributions. Following the notation introduced in section
2.1 for a given survey, we apply the methodology described above both to each individual
response, {pik}z‘:o,...,l,kzl,...,K for all K forecasters and to the consensus (aggregate) dis-

tribution calculated as a simple average of responses across forecasters, p; = % ZkK:1(Pik)'

Regardless of whether one focuses on the consensus or the individual distributions, the
interpretation of the changes in the distribution of inflation expectations over time is com-
plicated by the fact that the SPF forecast horizon decreases over time as the survey takes
place closer to the end of the year for which the forecast is requested.?® Time-series evi-
dence is however interesting to assess how the expected inflation rate, and the uncertainty
and risks associated to it, have co-moved over time. To that end, we present evidence of
those comovements based on expectations over a fixed forecast horizon by using the results
for the surveys taking place in the first quarter of the year, i.e. reporting forecast over
a horizon of about four quarters ahead. Obviously this evidence has the shortcoming of
being based on annual frequency data. To shed additional light on the robustness of those
results, an alternative is to combine forecasts for the current and the next-year horizon
after the introduction of the latter in the questionnaire in 1981. Specifically, an about
four-quarter-horizon forecast at quarterly frequency can be constructed by combining the

25 There were also some occasional mistakes in the horizons requested in the questionnaire but they do
not affect the results presented in this paper. For example, in certain surveys mostly prior to 1981Q3,
most often in the fourth quarter, the probability variables referred to the percent change in the GNP
deflator in the following year, rather than the current year. The surveys in which these happens are
1968Q4, 1969Q4, 1970Q4, 1971Q4, 1972Q3 & Q4, 1973Q4, 1975Q4, 1976Q4, 1977Q4, 1978Q4, and
1979Q2, Q3 and Q4. The opposite situation appeared to occur in the 1985Q1 and 1986Q1 surveys.
See http://www.philadelphiafed.org/econ/spf/index.html for details.
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current year forecast in first quarter (i.e. about four-quarters ahead) and in the second
quarter (i.e. about three quarters ahead) with the next year forecasts in the third quarter
(i.e. about six quarters ahead) and in the four quarter (i.e. about five quarters ahead).

4.1 Measuring inflation uncertainty

The analysis of the uncertainty surrounding the baseline scenario of a forecast has gained
substantial attention in recent years. In this regard, the probability distributions of the
SPF are the best available source of information about the existing degree of uncertainty
of inflation expectations, because uncertainty, in a strict sense, is directly reflected in the
probabilities that a forecaster assigns to the possible alternative values of the predicted
variable: the tighter the distribution the lower the uncertainty.

Figure 8: Estimated uncertainty and number of active intervals reported
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Results from individual probability distributions 1992Q1-2006Q1

Figure 8 depicts the relationship between our estimates of individual uncertainty (as
measured by the variance of the estimated distribution) against the number of intervals
reported by the survey participants in the period 1992Q1-2006Q1, the last period over
which interval definition and width has been stable. Consistent with common intuition
there is a clear positive relationship between both series. However it is also clear that,
despite assigning some positive probability to the same number of intervals, forecasters
significantly disagree on the distribution of probability mass assigned to those intervals,
thereby leading to quite strong spread in our measures of uncertainty.

However, while for an individual forecast it is straightforward to measure uncertainty,
in the case of the SPF, once all individual forecasts are taken into account it is not clear
what the optimal measure of uncertainty is and this is most likely to depend on the
specific purpose of the exercise.?® For example, given that many surveys only provide
a single point prediction, there is a long stream of literature that has focused on the
information content of the dispersion of those point estimates —the so-called disagreement—
as alternative indicator.?” The SPF information however allows for an analysis of those
two alternative measures of uncertainty.

?68ee Giordani and Soderlind[2003] for a recent detailed discussion.
*"For a critical assessment see Rich and Butler [1998].
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The second moment decomposition (ANOVA) has frequently been read as explaining
the variance of the aggregated distribution as a sum of the average uncertainty of individual
expectations and disagreement among them. Formally:

Var(n) = E [(w - E[w])ﬂ = E[Var (z|F)] + Var (E[r|F])

where, as in section 2.1, F' is a discrete random variable that selects a forecaster
Fy, among the panel with a certain probability. If F' assigns equal probability to each
forecaster, i.e. if all forecasts are equally weighted

1« 1«
Var(n) = 22 > Vari(n) + 2 > _(Elxl; — B[x])* (4)
k=1 k=1

Equation (4) holds in population terms independently of distributional assumptions.
Empirically, one can estimate the left-hand side from the aggregated survey response as
the second moment of the estimated density. The right-hand side, in turn, can be derived
from the moments of the estimated individual density functions.

Figure 9: Variance of the aggregate distribution, mean uncertainty and disagreement
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Decomposition of the variance of the aggregate distribution for the current year forecast (Q1).

Figure 9 shows that inflation uncertainty has exhibited significant fluctuations over the
last 40 years. The sharp increases following the two oil price crises in the 1970s are directly
identifiable, but some other spikes in the 1980s are also clearly visible in the graph. In
addition, the strong decline in inflation uncertainty observed since the early 1990s is also
noticeable, and could be one of the factors that help explain the lower premia, in particular
inflation risk premia, allegedly embodied in bond yields in recent years. Although such
moderation is likely to reflect a number of factors, the enhanced credibility of monetary
policy appears to be one of them. We will return to this interpretation in the next section.

Additional insights when considering the appropriate measure of uncertainty about
inflation expectations can also be drawn from the decomposition of inflation uncertainty
depicted in Figure 9. First, the decomposition of the variance of the aggregate distribution
shows that mean uncertainty, a more theoretically-appealing measure of the perceived
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inflation uncertainty, is clearly the main component of the degree of uncertainty reflected
in the consensus probability distribution. Disagreement among individuals with respect
to the mean forecast instead appears to play a secondary role. Indeed, the contribution
of disagreement to the variance of the consensus probability distribution appears to have
decreased over time and seems to be relatively minor since the early 1990s.

Second, the three measures depicted in Figure 9 have experienced a significant decline
since early 1990s notwithstanding that moderation in uncertainty measures. Again it seems
apparent that most of the decline in aggregate uncertainty stems from the decline in mean
uncertainty. Confirming that visual impression, simple measures of comovement between
the three measures of uncertainty show that the correlation between the variance of the
aggregate distribution and mean uncertainty extracted from the individual distributions
is higher than that with disagreement (see Table 1), a result that appears robust to data
frequency and period of study.

Table 1 : Correlation among alternative measures of inflation uncertainty

’ Qlsurveys (1969Q1-2006Q1, 37obs) H Variance of agg. distribution Mean uncertainty Disagreement
Variance of aggregate distribution 1.00
Mean uncertainty 0.90 1.00
Disagreement 0.74 0.54 1.00

Quarterly series (1981Q1-2006Q1, 101obs)

Variance of aggregate distribution 1.00
Mean uncertainty 0.89 1.00
Disagreement 0.79 0.64 1.00

4.2 Assessing asymmetries in inflation risks

While the uncertainty surrounding inflation expectations is clearly informative, a reliable
assessment of how the risks surrounding the baseline scenario are perceived is also of
significant relevance for policymakers and market participants alike. By overcoming the
symmetry assumption, our skewnormal model allows to gain additional insights on the
risk assessment embodied in the inflation forecasts.

The reported density forecasts present an important degree of asymmetry (see Figures
10 and 11). Indeed, although this information has been often neglected so far, one of the
most striking features of the SPF probability distributions appears to be their asymmetry.
Our estimates of the Pearson skewness parameter v suggest that not only more than 60%
of the individual probability distributions reported over the whole sample 1968(Q4-2006Q1
show asymmetries higher than 0.3 (in absolute value), but also more than 60% of the
aggregate probability distributions constructed out of them do so.
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Figure 10: Skewness (aggregate PDF's)
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Based on 247 estimated aggregate densities, 1968Q4-2006Q1. Based on 8204 estimated individual densities, 1968Q4-2006Q1.

This evidence is particularly important for two reasons. First, as shown in Section 3.2,
allowing for asymmetry in the fitted probability distribution is not only worthwhile in its
own right but also improves the accuracy in the estimation of the first two moments of the
distributions. Indeed, these results provide strong support for our choice of a potentially
skewed distribution and the reliability of the estimates of the first two moments of the
distributions characterising inflation expectations presented here. Second, accounting for
the fact that a very large proportion of individual and aggregate probability distributions
show significant asymmetry raises a number of new interesting questions on the information
content of the SPF inflation expectations. We analyse some of them below.?®

Inflation expectations are often reported by a single number, a point estimate. Indeed,
with the notable exception of the SPF macroeconomic surveys tend to request participants
to provide just a single number, and a “consensus point estimate” is often calculated as
the average (or median) of the point estimates reported by survey participants in the same
way as the results of the aggregate (across forecasters) probability distribution are taken
as representing the consensus density forecast. However, the presence of asymmetry in
the probability distributions raises the issue of which location measure is more relevant as
single point estimate. The larger amount of information extracted from the methodology
presented in this paper is crucial to gain some additional insights in this matter. In terms
of the individual probability distribution the proper location measure to report is directly
related to the forecasters’ loss functions. On the one hand, for what may be considered
standard (quadratic) loss functions the mean would be the most relevant location measure,
as would be the median for an L; loss function.?? On the other hand, forecasters might
report what they consider the most likely value i.e. the mode rather than the mean of the
distribution. In any case, since it does not seem possible to gather evidence on the true
forecasters’ loss functions, here we use our methodology to shed some light on this issue
by comparing our estimates of the individual mean and mode.?°

We investigated which of the two location measures varies more with the arrival of new
information and the revision of the forecast for a given horizon over a forecasting cycle
(i.e. the series of forecasts reported for a given calendar year in several survey rounds).

Z8For a more detailed analysis of the degree of heterogeneity in inflation expectations and its implication
for the interpretation of survey results see Garcia and Manzanares ([?])

29 A quadratic loss function would penalise (in proportion to) the square of the forecast error, while a L;
loss funtion penalises (in proportion to) the absolute value of the forecast error.

30 A detailed comparison of the information content of the point estimates and the density-forecast based
central tendency measures derived using othe methodology presented here can be found in the companion
paper Garcia and Manzanares [2007b].
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The standard deviations of means and modes of the probability distributions show that
both change over each forecasting cycle as we get closer to the forecast horizon and new
information arrives. However, the standard deviation of the modes remains systematically
higher than that of the means over the whole sample period, which may suggest that
the means should be interpreted as the forecasters’ baseline scenario while the mode, as
most likely value of the density forecast, may be more influenced by the re-assessment
of the balance of risks associated to the forecast. Some additional evidence tends to
support that conclusion. Specifically, the difference between the mean and the mode of
the distributions, a simple measure of asymmetry in the expectations, co-moves strongly
with the more formal skewness measure based on the third moment of the estimated
probability distribution. Figure 12 illustrates for the case of the aggregate probability
distributions in Q1 surveys.?!

Figure 12: Alternative measures of skew (aggregate distribution)
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The perceived balance of risks surrounding inflation forecasts also seems to have
changed significantly over time. Such fluctuations appear to be more difficult to inter-
pret and identify with specific historical episodes than the ones of inflation uncertainty
reported above though. In particular, the perception of significant upside risks in the
mid-1980s stands out as the main feature of those fluctuations. We come back below to
the significance of that phenomenon with the help of additional historical evidence, and
focus now on its decomposition.

Our analysis also allows for an investigation of how the balance of risks in the aggregate
distribution may emerge. By making use of the moments of the individual density forecasts

31SPF panelists also provide forecasts for the price level index over the next six quarters, which allow for
a calculation of inflation point estimates for the same horizon of the current-year probability distribution.
Although their average is often assumed to be the mean of the aggregate distribution, this would only be
true the case if the point estimates were the mean of the individual distribution. Our results (not reported
here) provide additional support to recent evidence by Engelberg et al.[2006] suggesting that the individual
forecasters’ point estimates do not always coincide with our estimates of the mean (nor the mode) of their
probability distributions, thereby casting doubts on the validity of the average of the point estimates as
estimate for the mean of the aggregate distribution.
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in a similar way as for the variance, the third central moment of the aggregate inflation
expectations (denoted SK (7)) can be decomposed into three components as follows??

SK(m)=E [(w - E[W])S] = E[SK (n|F)]+ SK (E[x|F]))+3 E (Var (|F) (E[x|F] — E[x]))

The first and second components, in analogous fashion to the well-known variance
decomposition, correspond to the average individual skewness and to the skewness of the
distribution of individual means. The skew decomposition however requires of a third
additional component: the covariance between the distance of the individual forecaster’s
mean to the consensus mean in that survey round and the variance of that forecaster.
So, intuitively, it reflects the impact that the different degrees of uncertainty among fore-
casters can have if it is correlated with their disagreement with respect to the consensus
forecast. For instance, this third term would vanish if all forecasters had the same degree
of uncertainty.

The decomposition of the degree of skewness in the aggregate distribution makes ev-
ident that the mapping between aggregate and individual skewness is far from simple
though. On the contrary, it highlights the importance of understanding the cross-sectional
(across forecasters) distributions of the key moments of the individual probability distri-
butions so as to understand the consensus one. For instance, the comovement among its
three components also suggests that inferring the sources of the balance of risk embod-
ied in the aggregate distribution is rather challenging and the importance of the three
theoretical components is likely to change over time (see Table 2).

Table 2 : Comovement among measures of skewness in inflation expectations

Skewness of means ‘ Cov. means and variances

Q1lsurveys (370bs) H Aggregate skewness Mean skewness

Aggregate skewness 1.00

Mean skewness 0.28 1.00

Skewness of means 0.55 0.03 1.00

Cov. means and variances 0.78 0.39 0.24 1.00

4.3 Inflation risks and the central tendency of inflation expectations

In the previous sections we have focused on the uncertainty and asymmetry of the SPF
inflation forecasts and described in detail some of their key features focusing on the rela-
tionship between the individual density forecasts provided by SPF panelists and the one
resulting from averaging them into a combined (or aggregate) density forecast. In this
section we provide some formal evidence of the link between mean inflation expectations
and the uncertainty and risk assessment measures derived in this paper. We focus on our
estimates of the first three moments of the aggregate density forecasts, and seek for stylised
facts about how perceived inflation risks changed in relation to mean inflation expecta-
tions, thereby providing an assessment of the evolution of density forecasts of inflation
over the last four decades.

32For the sake of exposition, in this subsection we will use the term skewness to denote the non-normalised
central third moment, instead of the Pearson’s skewness coefficient used in the previous sections.
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Figure 13 depicts mean inflation expectations together with the inflation uncertainty
and the degree of skewness associated to those expectations, thereby providing some pre-
liminary evidence of the relationship between them. Inflation uncertainty appears posi-
tively related to the level of expected inflation, while a weak negative relationship appears
to exist between perceived skewness and inflation.

Figure 13: Expected inflation and inflation risks
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Table 3 below assess the comovements among the first three moments of inflation ex-
pectations.?? Several results are worth noting. First, a comparison of the variances of the
first three moments of inflation expectations (reported along the principal diagonal in Ta-
ble 3) suggests that central tendency measures have been the most volatile over the sample
as whole (results for other central tendency measures, as the average or the median of in-
dividual means, are qualitatively equivalent). As regards higher-order moments, although
both uncertainty and skewness showed significant increases in the 1980s, the level of uncer-
tainty surrounding inflation expectations appears to have been much less volatile than the
asymmetry in the perceived inflation risks. Second, in terms of comovement between mo-
ments, mean inflation expectations seem to be fairly strongly correlated with uncertainty
measures, in particular with disagreement, but little with the measures of asymmetry in
risks. However, possibly reflecting the upward movement both higher-order movements
experienced in the 1980s and the decline thereafter,inflation uncertainty appears to be
fairly strongly and positively correlated with skewness in inflation expectations.

Table 3: Correlation between the first three moments of inflation expectations

H Agg. Mean Agg. Variance Mean uncertainty Disagreement Agg. Skew Mean-Mode

Agg. Mean (5.45)
Agg. Variance . 0.59 (0.37)
Mean uncertainty 0.48 0.88 (0.15)

Disagreement 0.64 0.73 0.53 (0.05)

Agg. Skew 0.07 0.54 0.60 0.31 (1.12)

Mean-Mode -0.02 0.42 0.53 0.21 0.98 (0.40)

Q1 surveys, 38 observations 1981Q1-2006Q1. Figures in main diagonal denote variances of the series.

33 Results from the use of the quarterly time series combining current and next year forecasts were
qualitatively similar. They are therefore omitted here but available upon request.
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Table 4 reports the results of some bivariate linear regressions to assess the statistical
significance of the correlations reported in the previous table. In order to provide some ro-
bustness and further insights about the relationship between the key attributes of inflation
expectations we employ the quarterly time series introduced above for the sample 1981Q1-
2006Q1, as well as an additional central tendency proxy, the average of individual means.
The results show that the level of inflation does significantly contribute to partly explain
movements in inflation uncertainty, which, together with the correlations shown above,
can provide support from the existence of a positive relationship between the level of a
variable and the uncertainty surrounding its forecast, a belief usually taken for granted.
The results in Tables 3 and 4 show that such a relationship, although strongly significant,
is however limited (the R in the bivariate regressions are about 0.4), suggesting that a
significant part of the variation in the uncertainty surrounding inflation expectations is
explained by other factors different that the level of expected inflation. Instead, the level of
inflation shows very limited explanatory power for the asymmetries in the risk assessment.

As regards the relationship between inflation uncertainty and the risk assessment em-
bodied in inflation forecasts, although all three measures of uncertainty derived here are
capable of partly explaining asymmetries in perceived inflation risks, the explanatory
power of the variance of the aggregate distribution, and particularly its main component
mean uncertainty, seems to be stronger than that of disagreement.

Table 4: Level, uncertainty and risk assessment in inflation expectations

Uncertainty measures Risk assessment measures
Variance Agg. Dist Mean uncertainty Disagreement Skew Agg. Dist. Mean-Mode
] *ok *ok *ok
Mean of Agg. Dist. 0.24 0.18 0.08 0.10 0.03
kk kk kk
Average of means 0.24 0.18 0.08 0.10 0.03
kk *
Variance Agg. Dist. 0.85 0.40
k% ok
Mean uncertainty 1.12 0.54
*
Disagreement 1.73 0.82
Each cell reports a regression of the risk measures on the first column ones, using a quarterly series 1981Q1-2006Q1.

*
and denote significance at 1% and 5% level respectively (Newey-West corrected standard errors upto a year)

Overall, we interpret the evidence presented in this section as suggesting that although
there is some degree of comovement among the three first moments of inflation expecta-
tions, limiting the assessment of inflation expectations to the mean, or any kind of central
tendency measure, is not likely to be sufficient to characterise all the variation in inflation
expectations.

4.4 Inflation risks and the macroeconomy

We now turn to investigate the link of the inflation risks measures derived from those
combined forecasts and other key macroeconomic variables. We first investigate the role
of the level of realised inflation in driving the inflation risk measures discussed above.

A positive relationship between the level of realised inflation and inflation uncertainty
confirming that higher inflation has been usually associated with higher inflation uncer-
tainty is evident in Figure 14. However, that evidence also suggests that there were some
periods, mainly in the 1980s, in which, given the observed inflation rate, inflation uncer-
tainty appeared to be “abnormally” high, either for a brief period (around 1980 following
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the second oil crisis) or over a more protracted period in the second half of the 1980s.
This evidence deserves some close attention and we will come back to an interpretation of
those episodes in the next section with the help of additional information.

Figure 14: Inflation and inflation risks
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As regards forecasters’ assessment of the asymmetries perceived in inflation risks, as
mentioned before it is somewhat surprising that SPF density forecasts have usually ex-
hibited positive skew and only in very few occasions over the last four decades downside
risks appeared to be perceived as predominant. The negative relationship with the level of
inflation apparent from Figure 14 seems to reflect in particular that a rather high inflation,
and a high level of (mean) inflation expectations (see also Figure 13), as in 1974-75 and
1980, were not perceived as long-lasting, and consequently SPF panelists tended to provide
negatively skewed forecasts around their baseline scenarios. However, it is noticeable that
negative skew also happened at more moderate rates of inflation as in 1990-91, suggesting
that negative skew in inflation forecasts may be capturing other factors beyond the actual
level of actual or expected inflation. In addition, as for the case of inflation uncertainty,
the period 1984-88 stands out as peculiar in terms of forecasters’ risk assessment, as fairly
high upside risks were associated to what appear-to-be average levels of inflation.

We next investigate how inflation risks evolve in relationship with the business cycle.
Figure 15 shows two graphs depicting inflation risks together with two standard mea-
sures of excess capacity: (i) an HP-filtered output gap measure for the (log of) actual
chain-weighted real output; (ii) episodes of economic contraction according to the NBER
Business Cycle Dating Committee, represented as shaded areas.

The figure suggests an interesting assessment of inflation risks around recessions. First,
the positive skew surrounding the reported expected inflation tends to decline ahead of
the dated recessions, becoming more balanced or even turning negative, indicating that
downside risks become predominant ahead of a recession. This suggests a strong business
cycle response of inflation expectations, as not only point forecasts of inflation tend to
decline with lower real economic activity but also the associated balance of risks tends to
respond to business cycle conditions as the probability assigned to a higher-than-expected
inflation outcomes is reduced. Second, in the three available episodes of contracting real
GDP in the sample, inflation uncertainty also declined ahead of the recession, while at
the same time there is evidence suggesting that during the recession periods uncertainty
about future inflation rate tends to rise, most likely related to the uncertainty about the
strength of the forthcoming recovery.

Outside recession periods there are also some interesting insights from a comparison
of movements in the output gap and our measures of inflation risks. Specifically, while an
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output gap widening appeared to have some positive impact on both inflation uncertainty
and upside risks in the 1980s, that relationship seems to have weakened significantly since
the early 1990s. For instance, the robust and protracted expansion of late 1990s appeared
to have no impact on perceived inflation risks.

Figure 15: Inflation risks and economic activity
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Output gap is the HP-filtered. Inflation uncertainty and skew are smoothed (five-quarter centred moving averages).

Table 5 investigates more formally the relationship between our inflation risk measures
and the macroeconomic situation by reporting regressions of the variance of the aggregate
distribution and its two estimated components, mean uncertainty and disagreement, and
the two measures of risk assessment considered before, skewness and the distance between
the mean and the mode of the aggregate distribution, on several macroeconomic variables.
Specifically, together with the level of inflation we also consider the (squared) change of
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inflation as proxy for the volatility of inflation as nominal variables, and three real economy
variables: the output gap measure considered above, and the probability of recession and
the (mean) uncertainty about real GDP growth (four-quarters ahead) as reported by SPF
panelist. Panel A in the table report bivariate regressions for each of those variables while
panels B to C control for actual inflation and (mean) expected inflation respectively to
assess the robustness of those relationships.

The squared change of inflation appears to be a robust determinant of mean inflation
uncertainty, even after controlling for actual and expected inflation, lending some support
to the fact that inflation uncertainty is to some extent related to inflation volatility. How-
ever, this seems to be less robust if one considers the variance of the aggregate distribution
as measure of uncertainty, and even less so for disagreement, since after controlling for
inflation or inflation expectations the relationship weakens or becomes insignificant. The
volatility of inflation seems to have no effect in the asymmetry of the perceived inflation
risks.

As regards economic activity variables, although inflation risks appear to have no
relationship with the output gap measure, they instead are strongly influenced by the
perceived uncertainty about real GDP growth and also to respond to the perceived prob-
ability of recession over the horizon of the inflation forecast. This not only reflects the
role of the perceived state of the real economy when forming inflation expectations but
also underscores the forward-looking nature of inflation expectations reported by SPF
panelists.

Table 5: Inflation risks and macroeconomic variables

Variance Mean uncertainty Disagreement Skewness Mean-Mode

Panel A: Bivariate regressions (each cell represents a separate regression)

Inflation 0.19% 0.16** 0.05%* 0.04 -0.04
Ainflation-squared 0.89* 0.63* 0.26* 0.41 0.13
Output gap -0.82 -1.06 0.33 0.82 -3.20
Prob. recession 0.04** 0.04** 0.01** 0.04* 0.02*
Growth uncertainty 0.98** 0.83%* 0.20%* 1.06%* 0.53%*

Panel B: Controlling for actual inflation

Ainflation-squared -0.43 -0.41%* -0.04 0.34 0.31
Output gap 5.47 3.78 1.66 -0.57 -3.27
Prob. recession 0.04** 0.03** 0.01** 0.04* 0.02
Growth uncertainty 0.78%* 0.70%* 0.15%* 1.26%* 0.69**

Panel C: Controlling for expected inflation

Ainflation-squared -0.55* -0.51%%* -0.09 -0.34 -0.15
Output gap 4.94 3.47 1.57 1.62 -1.59
Prob. recession 0.02 0.02* 0.01 0.03 0.02
Growth uncertainty 0.65%* 0.62%* 0.10%* 1.17%* 0.63**

*
and denote significance at 1% and 5% level respectively (Newey-West corrected standard errors upto a year)
Prob. recession refers to the reported probability of negative real GDP growth 4 qtrs ahead in the SPF.

Growth uncertainty refers to the estimated mean uncertainty from the SPF probabilistic forecast.
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In sum, the evidence collected in this section provides a number of interesting insights
about the developments in perceived inflation risks over the last four decades:

e perceived inflation risks seemed to be much less volatile than central tendency mea-
sures of inflation expectations. In turn, inflation uncertainty appears to have been
much less volatile than the asymmetry in the risks surrounding inflation expecta-
tions. Notwithstanding this a significant moderation is evident since the early 1990s

e in terms of comovement between moments, (mean) inflation expectations seem to
be fairly strongly correlated with uncertainty measures but little with the measures
of asymmetry in risks.

e there is supporting evidence that higher inflation has been usually associated with
higher inflation uncertainty, as well as higher inflation volatility.

e the business cycle appears to have a strong influence on inflation risks, but that
relationship seems to be forward-looking: inflation risks tend to decline ahead of
recessions, and be strongly influenced by the perceived uncertainty about real GDP
growth and also to respond to the perceived probability of recession over the horizon
of the inflation forecast.

e outside recession periods since the early 1990s the impact of the business cycle on
both inflation uncertainty and upside risks seems to have weakened significantly.

This being said, it however remains a need to assess the relevance of the additional
information content the perceived uncertainty and risk assessment may convey. The next
section provides an example.

5 Inflation risks and inflation scares in the 1980s

One of the aims of this paper is to illustrate that a combined analysis of movements
in all three moments of inflation expectations analysed above may shed new light on
two crucial issues for monetary policy: (i) on the dynamics of private sector’s inflation
expectations in general; (ii) on some puzzling episodes in bond markets, via the potential
relationship between perceived inflation risks and premia embodied in bond yields. This
section explores that conjecture by focusing on the evolution of perceived inflation risks
during the disinflation and stabilization of inflation that took place under former Fed
chairman Volcker in the 1980s.

The Volcker disinflation is one of the most visible macroeconomic events of the last
50 years of U.S. history and has had an enormous influence on the theory and practice
of monetary policy.?* It was a decisive turning point in the postwar monetary history
of the United States: inflation had been dramatically rising, but under chairman Volcker
the Fed first contained and then reversed that process after a difficult period of sustained
disinflationary monetary policy.

It is therefore not surprising that the Volcker disinflation period remains the subject of
a significant amount of research and spirited discussion. Goodfriend and King [2005] has
recently provided an excellent historical analysis of the Volcker disinflation and persua-
sively argued that one of the key features of the reduction in inflation engineered by the

34See Blinder [2004] and Fisher [1994] among others.
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Volcker Fed was its imperfect credibility.?® Indeed there seems to be widespread consensus
that the principal cause for the economy’s costly recovery was the lack of credibility of the
disinflation.?6

What is surprising is that a thorough analysis of the dynamics of inflation expectations
in the Volcker disinflation period appears to remain missing. This paper aims at filling that
void by analysing available survey data at that time. Despite the usefulness of long-term
interest rates as indicators of inflation expectations, changes in inflation expectations are
only one of the possible factors behind movements in nominal yields, so survey measures
may offer a more direct source of information about the evolution of private sector’s
inflation expectations over that period.

Our analysis of the dynamics of private sector’s beliefs about inflation allows us to
interpret how credibility was acquired by the Volcker Fed. As other contributions in
the analysis of the Volcker disinflation, our analytical approach focuses on the interplay
between inflation, expected inflation, credibility and long-term interest rates. Modelling
in detail the interaction between the Fed policy and private sector beliefs about inflation,
although desirable, is however beyond the scope of this paper.’” Nor do we provide a
thorough historical account of all the events surrounding monetary policy decisions, as
that can be found in earlier excellent contributions (see Goodfriend [1993] and Goodfriend
and King [2005] among others). We instead focus on the original piece of our analysis, the
dynamics of inflation expectations over that period, and cast our interpretation around
the "inflation scares"—falling bond prices due to sharply rising inflation premia in long-
term interest rates3®—during the Volcker era. Under the assumption that our measures
of perceived inflation risks and bond risk premia should be closely related, we believe it is
more fruitful to combine information from both surveys and bond markets and interpret
the inflation scares identified through long-term bond yields as particular periods along
the process of acquiring the desired credibility for monetary policy.?”

Our risk measures suggest that it took quite some time for the Volcker Fed to acquire
that credibility. Moreover, the movements in the inflation risk measures derived in this
paper around the time of the bond market inflation scares suggests a close link between
the two, and a taxonomy of those inflation scares on the basis of direct evidence on private
sector inflation beliefs emerges as a by-product of our interpretative historical analysis.

3 Goodfriend and King [2005] historical analysis hinges on two important pieces of evidence extracted
from the transcripts of the Federal Open Market Committee. First, compelling evidence that former
chairman Volcker and other FOMC members thought that acquiring credibility for low inflation was central
to the success of their disinflation. Second, that long-term interest rates were regarded as indicators of
inflation expectations and of the credibility of the Fed s disinflationary policy. Indeed, the behavior of
long-term interest rates, which rose several times despite the absence of monetary policy tightening and the
decrease in inflation is interpreted as indicating that financial markets expected high inflation to return.

30The crucial role of credibility for a disinflationary process to cause output losses even in the presence
of nominal rigidities was established by Ball [1994]. See also Ball [1995].

37For an analysis of learning and inflation scares see for example Orphanides and Williams [2005].

38 See Goodfriend [1993], Gurkaynak, Sack, and Swanson [2005] and Orphanides and Williams [2005].

39Tt has to be borne in mind that the different frequency of the financial and survey data makes it
difficult to match exactly their movements.
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Figure 16: Interest rates, inflation expectations and inflation scares
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Note: In the second chart inflation expectations denotes the mean of the aggregate distribution for the
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third chart depicts the variance and skewness estimated from the aggregate distribution.
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Figure 16 (second chart) shows developments in actual and expected inflation, both
over short-term (four-quarters ahead) and long-term horizons, as well as in inflation uncer-
tainty and the asymmetry in risks embodied in the SPF probabilistic forecasts during the
Volcker era. In order to focus our discussion, the periods usually associated to inflation
scares in the bond market are represented by shadowed areas.

Several stylised facts emerge from those charts. First, looking at expected inflation as
measured by the point estimates (mean expected inflation), while in the late 1970s they
tended to be below realised inflation, they did catch-up towards the turn of the decade
and exceeded its level during most of the 1980s, which lends support to the thesis of a
very slow improvement in the Fed “s credibility. Indeed, available survey measures suggest
that long-term inflation expectations declined in the first half of the 1980s but remained
broadly unchanged for most of the second half, fluctuating above actual inflation rates
and expected inflation over shorter horizons. Moreover, higher-order moments of inflation
expectations also exhibited significant fluctuations in the 1980s, with upward movements
in both inflation uncertainty and the perceived asymmetry of risks around the time of the
inflation scares in the bond market. We analyse them in turn.

Early stages of the disinflation: the 1979-80 and the 1981 inflation scares

By the time Paul Volcker became Fed Chairman in August 1979, oil price developments
greatly worsened the inflation outlook. The Fed rose rates on its October meeting, and the
switch to non-borrowed reserve targeting officially reinforced the anti-inflation determina-
tion. The Fed however paused in its tightening at the end of year with the federal funds
rate around 13.5% and the ten-year rate at 10.5%. The long-term rate then edged above
13% in February 1980, forcing the Fed to hike interest rates. These actions however only
appeared to help contain inflation temporarily, but not to reduce it, while at the same
time triggered a recession that halted the Fed tightening.

By late 1980, the ten-year bond rate had reversed the 2 percentage point decline
associated with the recession and was back above 12%. Moreover, despite having the
federal funds rate at 19% in 1981, the FOMC again faced a period of steadily rising long-
term interest rates to a peak in excess of 15% in October 1981 after a 3 percentage point
gain between January and October 1981. The second inflation scare occurred in spite of
an even more determined tightening of interest rate policy than occurred in late 1979.

Figures 14 and 15 showed that inflation expectations worsened significantly over that
period. (Mean) expected inflation steadily rose between 1979 and 1981, reaching two digits
in 1981 despite the decline in realised inflation since 1980. Besides, inflation uncertainty
rose sharply to a historical peak in 1980 to moderate somewhat later on. Indeed, the
variance decomposition shown in Figure 9 suggests that rising inflation uncertainty was
accompanied by a rise in both disagreement about the inflation outlook at the time and
the individual uncertainty surrounding that outlook. Finally, perceived inflation risks
were also tilted towards higher inflation outcomes as indicated by the upward shift in the
skewness of the probabilistic forecasts.

The 1983-84 inflation scare

The Fed had taken a strong disinflationary policy since 1980, but two years later, with
inflation coming gradually down, the Fed somewhat relaxed its policy stance: by February
1983, the monthly average funds rate was around 8.5% while the ten-year rates remained
steady at around 10.5%. A few months later, however, with economic activity gaining
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momentum, the long-term rates started to rise fast, reaching almost 12% by end-1983
and peaking at around 13.5% in mid-1984, only about a percentage point short of its
October 1981 peak, even though annualised (quarterly) inflation as measured by the GNP
deflator was below 5% throughout most of 1983 and 1984, that is about 4 or 5 percentage
points lower than in 1981. The Fed tightened in an effort to resist the on-going inflation
scare, but long-term rates only starting decreasing in the second half of 1984 and did so
very gradually, only returning below the 10% level in the last months of 1985. It has been
argued that the successful containment of the 1983-84 inflation scare was arguably the most
remarkable feature of the Volcker disinflation (Goodfriend [2005]). The evidence presented
in this paper also suggest that the 1983-84 inflation scare was significantly different of the
two previous ones in several crucial aspects.

Our analysis reveals somewhat surprising movements in inflation expectations around
the time of the 1983-84 bond market inflation scare. Basically, inflation expectations (as
measured by the mean of the consensus distributions) actually declined during most of
the 1980s and particularly between the first quarters of 1983 and 1986 (by more that 1.5
percentage points, see Figure 16).40 However, despite the decline in the (mean) inflation
expectations, over the same period inflation uncertainty rose and inflation risks edged
strongly upwards since early 1983 and remained high over most of the bond market scare
period, most likely reflecting that private agents believed that the reduction in inflation
was temporary, and a return to high inflation likely. In sharp contrast to the two previous
inflation scares, the then imperfect credibility of the Fed appeared to be reflected not in the
usually considered point estimates of inflation expectations but in the risks (uncertainty
and in particular asymmetry) associated to the inflation forecasts, whose trend de-coupled
from that of mean inflation expectations in the 1982-86 period.

The 1987 inflation scare

In 1987, the Volcker Fed was confronted with a fourth inflation scare. With inflation rising
for the first time in the decade, the inflation scare was marked by a sharp but relatively brief
200-basis-point rise in long-term bond yields between March and October 1987. (Mean)
inflation expectations reacted little to the rise in actual inflation rates, allowing for the gap
between the two to close by early 1988, while longer term inflation expectations appear
to move only slightly upwards around 1987. At the same time, perceived inflation risks,
rose again from early 1986, and only declined significantly once the scare was contained.

Assessment

This evidence illustrates that changes in inflation expectations may be quite complex,
and it is very likely that a full analysis of inflation risks characterised by higher-order
moments of inflation expectations is necessary to correctly interpret them. In particular,
the above analysis of the four inflation scares faced by the Volcker Fed in the 1980s,
shows that such episodes may be triggered by significantly different movements in inflation
expectations. While the first two inflation scares reflected a rise in all three moments
of inflation expectations, movements in long-term rates around 1984 could have been
triggered by changes in the perceived inflation risks, most likely affecting risk premia.
Instead, the information provided exclusively by the point estimates is insufficient, if not

10Figure 13 depicts about four-quarters ahead inflation expectations consistent with the higher-order
moments derived in this paper. However, available survey measures of long-term inflation expectations
show a similar pattern (data are available through the webpage of Federal Reserve Bank of Philadelphia).
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misleading, to explain this episode. Although the relationship between the higher-order
moments of inflation expectations and the risk premia embodied in bond yields is likely
to be rather complex, this section shows that a thorough analysis of the density function
describing expected inflation may shed new light in this regard.

6 Concluding remarks

This paper has proposed a new methodology to extract information about the first three
moments of the inflation density forecasts provided by the Survey of Professional Fore-
casters (SPF). Our approach comprises two methodological contributions to the related
literature. First, a small departure from maximum likelihood as an efficient estimation
approach. Second, the use of a parsimonious but nonetheless very flexible theoretical
density function, the skewnormal. We have shown that both of those methodological con-
tributions lead to substantial accuracy gains in the estimation of the moments of the SPF
distributions of inflation expectations.

An application of this methodology to the actual SPF data leads us to conclude that
asymmetries, and therefore asymmetries in risk assessment surrounding the baseline sce-
nario, although often neglected so far, is an intrinsic feature of inflation expectations (at
least at the horizons requested by the SPF). We have also shown that, moving beyond
point estimates of inflation expectations, risks measures surrounding them are necessary to
provide a thorough account of private sector’s beliefs about the inflation outlook. Further-
more, we illustrate how our inflation risk measures shed some new light on key economic
events, such us the inflation scares in the U.S. bond market in the mid 1980s in the context
of the Volcker disinflation.

This evidence suggests that a thorough analysis of the probability distributions of the
SPF may provide additional insights not only about how inflation expectations may change
over time but also about developments in other macroeconomic and financial variables.
We hope that the methodology developed in this paper and our analysis of the dynamics
of inflation beliefs in the Volcker disinflation period could be a first step in that regard.
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A. On the appropriate fitting criterion for the SPF histograms

A.1. Shortcomings of the (unweighted) least squares criterion

Recent literature that considers the pros and cons of fitting parametric densities to the
SPF histograms has considered least squares as fitting criterion, i.e. minimising the sum
of the squared deviations of the observed probabilities with respect to the theoretical ones
over the set of intervals. More formally, LS = Zfzo (i — pi(0))*. We have argued that
minimising the LS criterion (although consistent) is not efficient, for it does not use all
available information in the problem at hand. Our probabilistic framework indeed allows to
ground the choice of criterion on statistical inference arguments. Some additional insights
can be gained by considering that generalised least squares (GLS), a standard (efficient)
approach, would suggest minimising GLS = (p —p(0))" S~! (p — p(0)) with respect
to o0 where S~! denotes the inverse of the covariance matrix of the frequencies vector,
p. As outlined in the previous section, our multinomial framework allows for a direct
identification of the structure of the matrix S without imposing any ad-hoc restriction.
Specifically, the structure of the covariance in a multinomial model is well known to be of
the form

po(1 —po)  —pop1 - —poPI
—pop1 (1l —p1) . —p1pr1
S = : g :
—PoPI-1 a pr—1(1 —pr-1) —pipr—1
—PpoPr1 pr(1 —pr)

It can be seen from its structure that the matrix S is singular (as the sum of frequencies

p; must add up to one). Its Moore-Penrose inverse, S~, has the following structure 4!
1/po 0 --- 0
ST = 0
: . . 0
0 --- 0 1/ps

It is then immediate that it suggests the use of the weighted least squares (/W LS) estimator.
In this case, minimising W LS is algebraically equivalent to minimise the Pearson chi-
square criterion , defined as:
I~ 2
2 _ N (i —pilo)) (5)
—  pilo)

Alternatively, the unknown vector p(p) could be replaced in the denominator by its
estimate, p to obtain the modified chi square criterion due to Neyman [1949].

The expression above highlights a fundamental difference between LS and W LS: while
the LS assigns equal weighting to the fitting errors for each interval, an efficient W LS
assigns a weight proportional to the inverse of the observed (or fitted) frequency, as the
best available estimator of the unobserved probability, by means of the denominators in

' Note that the structures of the S and the S~ matrices come directly from the interpretation of the
reported histograms as the realisations of a multinomial variable and we are therefore not imposing any
additional restriction on the their structure that could potentially lead to instability of the GLS (or WLS)
estimators arising from the potential misspecification of those structures.
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equation (5). If the frequencies were constant across the intervals i, LS and W LS would
provide the same results. More formally, in terms of the above expressions, for W LS (or
NM?) and LS to be equivalent, the matrix S~ should be proportional to the identity
matrix, thereby providing equal weighting for all the intervals. However, in the case of
the SPF probability distributions, that is unlikely to be the case: the observed relative
frequencies in each interval are far from similar, but rather resemble a strongly bell-shaped
function. It thus looks very unlikely that assigning the same weight to the fitting errors
at the center of the distribution and at the tails, as the LS criterion does, would make
efficient use of all the information contained in the SPF data.

The above discussion highlights a fundamental shortcoming of the commonly-used LS
criterion. Indeed, the fact that the chi-square criteria derived above provides consistent,
asymptotically normal and efficient estimates for the vector of distribution parameters is
crucial, for the purpose of the exercise is to recover the key moments of the true underlying
subjective density forecasts. This result is guaranteed for all estimators of the family of
minimum power divergence

A.2. The family of minimum power divergence estimators

Here we present in greater detail the main properties of the family of power divergence
estimators, which encompasses, among others, the X2 and NM? criteria discussed above.
Here we focus on the properties that are more relevant for our purpose in this paper, but
the general properties of this family of estimators are extensively analysed in Cressie and
Read [1988].

The family of minimum power divergence estimators can be defined in general terms
as the estimates obtained by minimising the expression

ron = e 2| () 0

with respect to ¢o. The family is indexed by the parameter 7 € R.

To grasp the broadness of this family, note that, if 7 = —2 for instance, equation (6)
yields the Neyman Chi-Square criterion, while for 7 = 1 one obtains Pearson’s X2.12

Note that, again in this case, it is immediate from that expression that the efficiency
gain with respect to the least squares criterion comes from the appropriate weighting of
the fitting errors to account for the statistical properties of the data. Serfling [1980] shows
that the estimate obtained from minimisation of the likelihood ratio G2 (see equation (2))
is asymptotically equivalent in probability to the estimate obtained by minimising the
standard Pearson chi-square criterion X? discussed above.

We have however argued that small sample properties are also fundamental in the
choice of the optimal estimator in our problem. Indeed we searched for the optimal
value of the parameter 7 by examining estimation errors incurred for all three density
parameters (p,0,7). The Figure below shows the relative performance of some of the
estimators discussed above based on the Monte Carlo experiment detailed in Section 3.2.

12 Moreover, the family encompasses other widely-used estimators such as the

2
Hellinger  distance <171/2 =2 Zf:o [\/@ - \/pi(g)} ) and the Kullback-Leibler divergence

(I‘l =lim, 1" = Ef:() [pi(g) log mT(f) + (i —Pi(Q))])'
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Figure AI: Relative performance of alternative estimators, MSE
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B. Moment decompositions

The third moment decomposition used in the main text is derived in as similar way to the
standard ANOVA decomposition, as follows:

S(X) = E[(x-E[X)?
X - E[X))? yYH (7)

X — E[X|Y] + E[X|Y] — B[X])® \YH

(
(

= EB[B[(X - EX|Y])P V|| + 3B [(BIX|Y] - EIX]) B [(X - B[X|Y]?|Y]]
(

+ 3B [(BIX|Y] - BIX])* E[(X - E[X|Y]) Y]
+ B [B[(BEIX)Y] - B[X)?*|Y]] (8)
= BIS(XIV)]+ S(EX]Y])+ 3E[V (X|Y) (E[X|Y] - E[X]) (9)

Step (7) is obtained applying iterated expectations. Step (8) follows from the expansion
of the power and the measurability of (E[X|Y]— E[X]) with respect to the o-algebra
induced by Y. Finally, step (9) is obtained by observing that the third summand vanishes,
since (E[X|Y] — E[X])? can be taken out of the expectation (due to its measurability) and
the remaining factor is equal to zero.

C. Results from Monte Carlo analysis

The results reported in the columns in each of the tables below correspond to the power
distance estimator (PDE) using a skew-normal density (PDE(7*), SN)), the power dis-
tance estimator using a normal density (PDE(7*), N), the standard least squares criterion
using the Skew-normal density (LS (SN)) and the least squares criterion using the normal
density (LS (N)).4 Hence, the first column represents our preferred methodology while
the fourth represents the method most frequently used in the literature. The accuracy
of the different estimators to recover the true underlying parameters of the underlying
distribution is measured by computing mean square errors (MSE), mean absolute errors
the errors (MAE), and the empirical bias obtained from 1000 simulated samples of the
different sizes (i.e. a different number of random draws) in order to test the robustness of
the proposed methodology.
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Table AIIL.1. DGP: SN (mean p=3, Standard deviation o=1, Skew v=0.6)

Mean /,L Standard deviation O
Sample size PDE, SN PDE, N LS, SN LS, N PDE , SN PDE, N LS, SN LS, N
n=20 MSE* 5.32 5.53 7.19 9.84 3.92 4.09 4.64 6.50
MAE 0.19 0.19 0.22 0.26 0.16 0.16 0.18 0.21
bias* 1.47 -0.26 -4.41 -13.2 -3.20 -1.88 -5.87 -12.3
n=>50 l\r[SE* 2.16 2.26 2.59 4.91 1.38 1.65 2.05 2.84
MAE 0.12 0.12 0.13 0.18 0.09 0.10 0.12 0.14
bias* 1.26 0.83 -1.99 -13.5 -1.35 0.44 -2.71 -8.12
n=100 MSE* 1.06 1.06 1.40 3.85 0.70 0.80 1.08 1.56
MAE 0.08 0.08 0.10 0.16 0.07 0.07 0.08 0.10
bias>|< 0.99 0.76 -0.82 -15.0 -0.53 1.82 -1.98 -6.15
n=200 MSE* 0.54 0.62 0.72 3.00 0.45 0.81 0.52 1.02
MAE 0.06 0.06 0.07 0.15 0.06 0.07 0.06 0.08
bias>|< 2.23 1.66 0.61 -15.0 2.55 5.07 -0.23 -6.31
Table AIIL.2. DGP: SN (mean p=3, Standard deviation 0=1, Skew y=0.3)
Mean [,L Standard deviation O
Sample size PDE(, SN PDE,N LS,SN LS,N | PDE,SN PDE,N LS,SN LS,N
n=20 MSE* 5.74 5.46 6.21 8.11 3.00 3.61 4.57 5.62
MAE 0.19 0.19 0.20 0.23 0.14 0.15 0.17 0.19
bias* 1.29 -0.11 -1.46 -6.79 -3.08 -1.89 -3.45 -8.70
n=>50 MSE* 2.07 2.33 2.90 3.79 1.40 1.39 1.86 2.26
MAE 0.11 0.12 0.14 0.16 0.09 0.09 0.11 0.12
bias* 0.49 -0.14 0.50 -6.81 -0.85 -0.13 -1.03 -4.98
n=100 MSE* 1.01 1.05 1.66 2.19 0.65 0.69 0.98 1.19
MAE 0.08 0.08 0.10 0.12 0.07 0.07 0.08 0.09
bias* 0.47 0.17 -0.36 -7.28 -0.70 0.26 0.16 -3.04
n=200 MSE* 0.61 0.56 0.78 1.41 0.47 0.57 0.48 0.60
MAE 0.06 0.06 0.07 0.10 0.06 0.06 0.06 0.06
bias* 0.95 1.26 0.61 -7.50 2.30 3.51 0.03 -2.43
Table AIIL.3. DGP: SN (mean p=3, Standard deviation o=1, Skew y=0)
Mean /l/ Standard deviation O
Sample size PDE, SN PDE, N LS, SN LS, N PDE, SN PDE, N LS, SN LS, N
n=20 l\[SE* 5.39 5.15 6.11 8.33 3.51 3.47 4.49 5.49
MAE 0.18 0.18 0.20 0.23 0.15 0.15 0.17 0.20
bias* 1.45 0.53 0.70 0.18 2.78 158 223 5.89
n=>50 l\[SE* 2.19 2.25 3.08 3.42 1.17 1.19 1.92 2.10
MAE 0.12 0.12 0.14 0.15 0.09 0.09 0.11 0.11
bias* 0.88 0.23 0.14 0.96 -1.26 -0.52 0.13 -3.11
n=100 MSE* 1.07 1.20 1.49 1.64 0.62 0.57 1.00 1.07
MAE 0.08 0.09 0.10 0.10 0.06 0.06 0.08 0.08
bins* -0.02 0.38 -0.03 -0.32 -0.94 -0.24 1.10 -1.40
n=200 MSE* 0.60 0.56 0.82 0.90 0.41 0.46 0.52 0.52
MAE 0.06 0.06 0.07 0.08 0.05 0.05 0.06 0.06
bins* 0.50 -0.30 -0.06 -0.38 1.17 2.52 0.78 -0.98

*
Reported figures are scaled up by 100.
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